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CHAPTER

Other Descriptive
Statistics

5

OBJECTIVES FOR CHAPTER 5
After studying the text and working the problems in this chapter, you should be
able to:
1. Use z scores to compare two scores in one distribution
2. Use z scores to compare scores in one distribution with scores in a second
distribution
3. Construct and interpret boxplots
4. Identify outliers in a distribution
5. Calculate an effect size index and interpret it
6. Compile descriptive statistics and an explanation into a Descriptive Statistics
Report

THIS CHAPTER INTRODUCES four statistical techniques that have two things in
common. First, the four techniques are descriptive statistics. Second, each one combines
two or more statistical elements. Fortunately, you studied all the elements in the preceding
two chapters. The techniques in this chapter should prove quite helpful as you improve
your ability to explore data, understand it, and convey your understanding to others.
The first statistic, the z score, tells you the relative standing of a raw score in its
distribution. The formula for a z score combines a raw score with its distribution’s mean
and standard deviation. A z-score description of a raw score works regardless of the kind of
raw scores or the shape of the distribution. This first section also defines outliers, which
are extreme scores in a distribution. Suggestions of what to do about them are offered.
The second section covers boxplots. A boxplot is a graphic that displays the scores of
one variable, much like a frequency polygon, but it conveys a lot more information than a
polygon. With just one picture, a boxplot gives you the mean, median, range, interquartile
range, and skew of the distribution.
This chapter introduces d, which is an effect size index. Effect size indexes show the size
of a difference between two distributions. The two distributions often are two levels of an
independent variable. If the difference is so small as to be of no consequence, investigation
stops. Large differences invite further research. Effect size indexes are prominent in the
“new statistics.” Many journals require them.
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The final section of this chapter has no new statistics. It shows you how to put together a
Descriptive Statistics Report, which is an organized collection of descriptive statistics that helps
a reader understand a set of data.
Probably all college students are familiar with measures of central tendency; most are familiar
with measures of variability. However, only those with a good education in quantitative thinking
are familiar with all the techniques presented in this chapter. So, learn this material. You will then
understand more than most and you will be better equipped to explain what you understand.

Describing Individual Scores
Suppose one of your friends says he got a 95 on a math exam. What does that tell you about
his mathematical ability? From your previous experience with tests, 95 may seem like a pretty
good score. This conclusion, however, depends on a couple of assumptions, and unless those
assumptions are correct, a score of 95 tells you very little. Let’s return to the conversation with
your friend.
After you say, “95! Congratulations,” suppose he tells you that 200 points were possible.
Now a score of 95 seems like something to hide. “My condolences,” you say. But then he tells
you that the highest score on that difficult exam was 105. Now 95 has regained respectability and
you chortle, “Well, all right!” In response, he shakes his head and tells you that the mean score
was 100. The 95 takes a nose dive. As a final blow, you find out that 95 was the lowest score,
that nobody scored worse than your friend. With your hand on his shoulder, you cut off further
discussion of the test with, “Come on, I’ll buy you an ice cream cone.”
This example illustrates that the meaning of a score of 95 depends on the rest of the test
scores. Fortunately, there are several ways to convert a raw score into a measure that signals its
place among the array of its fellow scores. Percentiles are one well-known example. I’ll explain
two others that are important for statistical analyses: z scores and outliers.

The z score
z score
Score expressed in standard
deviation units.

After being converted to a z score, a raw score’s place among its fellow scores
is revealed.

z=

X- 𝑋
S

The formula is a deviation score (X-𝑋 ) divided by a standard deviation (S). A positive deviation
score tells you the raw score is above average; negative means the score is below average.
However, deviation scores don’t tell you how far above or below. For example, with a mean of
50, a deviation score of +5 is above the mean, but you have no idea how much above average. If
the distribution has a range of 10 units, 55 is probably a top score. If the range is 100 units, +5 is
just barely above average. Look at Figure 5.1, which is a picture of the ideas in this paragraph.
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F I G U R E 5 . 1 A comparison of the distance bewteen X and X for a distribution with a small
standard deviation (left) and a large standard deviation (right)

To know a score’s position in a distribution, the variability of the
Standard score
distribution must be taken into account. The way to do this is to divide X- 𝑋 by
Score expressed in standard
deviation units; z is one
a unit that measures variability, the standard deviation. The result is a deviation
example.
1
score per unit of standard deviation. A z score is also referred to as a standard
score because it is a deviation score expressed in standard deviation units.
Any distribution of raw scores can be converted into a distribution of z scores. The mean of a
distribution of z scores is 0; its standard deviation is 1. A z score tells you the number of standard
deviations a raw score is from the mean and whether it is above or below it. Thus, a z score of –3.0
represents a raw score far below the mean. (Three standard deviations below the mean is near the
lowest point of a distribution.) If two raw scores in a distribution are converted to z scores, their
relationship reveals their relative positions in the distribution. Finally, z scores are also used to
compare two scores from different distributions, even if the scores are measuring different things.
(If this seems like trying to compare apples and oranges, see Problem 5.5.)
In the general psychology course I took as a freshman, the professor returned tests with a z
score rather than a percentage score. This z score was the key to figuring out your grade. A z score
of +1.50 or higher was an A, and –1.50 or lower was an F. (z scores between +0.50 and +1.50
received Bs. If you assume the professor practiced symmetry, you can figure out the rest of the
grading scale.)
Table 5.1 lists the raw scores (percentage correct) and z scores for four of the many
students who took two tests in that class. Begin by noting that for Test 1, 𝑋 = 54 and S = 10. For
Test 2, 𝑋= 86 and S = 6. Well, so what? To answer this question, examine the scores of the four
individuals. Consider the first student, Kris, who scored 76 on both tests. The two 76s appear to
be the same, but the z scores show that they are not. The first 76 was a high A, and the second
76 was an F.
1

This technique is based on the same idea that percent is based on. For example, 24 events at one time and 24 events
a second time appear to be the same. But don’t stop with appearances. Ask for the additional information that you
need, which is, “24 events out of how many chances?” An answer of “50 chances the first time and 200 chances the
second” allows you to convert both 24s to “per centum” (per one hundred). Clearly, 48 percent and 12 percent are
different, even though both are based on 24 events. Other examples of this technique of dividing to make raw scores
comparable include miles per gallon, per capita income, bushels per acre, and points per game.
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The second student, Robin, appears to have improved on the second test, going from 54 to 86, but
Robin’s performance, relative to the class, was the same on both tests as revealed by z scores (z
= 0, the class average). Marty also appears to have improved if you examine only the raw scores.
However, the z scores reveal that Marty did worse on the second test. Finally, comparing Terry’s
and Robin’s raw scores, you can see that although Terry scored four points higher than Robin on
each test, the z scores show that Terry’s improvement on the second test was greater than Robin’s.
T A B L E 5 . 1 Raw scores and z scores of selected students on two 100-point tests in general
psychology

Test 2

Test 1
Student

Raw score

z score

Kris

76

+2.20

76

–1.67

Robin

54

.00

86

.00

Marty

58

+.40

82

–.67

Terry

58

+.40

90

+.67

Test 1: 𝑋= 54
S = 10

Raw score

z score

Test 2: 𝑋= 86
S=6

The reason for these surprising comparisons is that the means and standard deviations were so
different for the two tests. Perhaps the second test was easier, or the material was more motivating
to students, or the students studied more. Maybe the teacher prepared better. Perhaps all of these
reasons were true.
To summarize, z scores give you a way to compare raw scores. The basis of the comparison
is the distribution itself rather than some external standard (such as a grading scale of 90%–80%–
70%–60% for As, Bs, and so on).
A word of caution: the letter z is used as both a descriptive statistic and an inferential statistic.
As a descriptive statistic, its range is limited. For a distribution of 100 or so scores, the z scores
might range from approximately –3 to +3. For many distributions, especially when N is small, the
range is less.
As an inferential statistic, however, z values are not limited to ±3. For example, z-score
tests are used in Chapter 15 to help decide whether two populations are different. The value of z
depends heavily on how different the two populations actually are. When z is used as an inferential
statistic, values much greater than 3 can occur.

clue to the future
z scores will turn up often as you study statistics. They are prominent in this book in
Chapters 5, 7, 8, and 15.
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Outliers
Outlier

Outliers are scores in a distribution that are unusually small or unusually large.
They have a disproportionate influence, compared to any of the other scores, on the
mean, standard deviation, and other statistical measures. They can certainly affect
the outcome of a statistical analysis, and they appear to be common (Wilcox, 2005a).

An extreme score
separated from the
others and at least 1.5
× IQR beyond the 25th
or 75th percentile.

Although there is no general agreement on how to identify outliers, Hogan and Evalenko
(2006) found that the most common definition in statistics textbooks is
Lower outlier = 25th percentile – (1.5 × IQR)
Upper outlier = 75th percentile + (1.5 × IQR)
Using these definitions and the heights of 20- to 29-year-old women and men, we can
determine heights that qualify as outliers.
For women:
Lower outlier = 25th percentile – (1.5 IQR) = 63 – 1.5(4) = 57 inches or shorter
Upper outlier = 75th percentile + (1.5 IQR) = 67 + 1.5(4) = 73 inches or taller
For men:
Lower outlier = 25th percentile – (1.5 IQR) = 68 – 1.5(4) = 62 inches or shorter
Upper outlier = 75th percentile + (1.5 IQR) = 72 + 1.5(4) = 78 inches or taller
What should you do if you detect an outlier in your data? Answer: think. Could the outlier
score be a recording error? Is there a way to check? The outlier score may not be an error, of
course. Each of us probably knows someone who is taller or shorter than the outlier heights
identified above. Nevertheless, outliers distort means, standard deviations, and other statistics.
Fortunately, mathematical statisticians have developed statistical techniques for data with outliers
(Wilcox, 2005b), but these are typically covered in advanced courses.

PROBLEMS
5.1. The mean of any distribution has a z score equal to what value?
5.2. What conclusion can you reach about ∑z?
5.3. Under what conditions would you prefer that your personal z score be negative rather than
positive?
5.4. Jayla and Ayana, twin sisters, were intense competitors, but they never competed against
each other. Jayla specialized in long-distance running and Ayana was an excellent sprint
swimmer. As you can see from the distributions in the accompanying table, each was the
best in her event. Take the analysis one step further and use z scores to determine who is
the more outstanding twin. You might start by looking at the data and making an estimate.
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10k Runners

Time (min.)

50m Swimmers

Time (sec.)

Jayla

37

Ayana

24

Dott

39

Ta-Li

26

Laqueta

40

Deb

27

Marette

42

Aisha

28

5.5. Tobe grows apples and Zeke grows oranges. In the local orchards, the mean weight of apples
is 5 ounces, with S = 1.0 ounce. For oranges, the mean weight is 6 ounces, with S = 1.2
ounces. At harvest time, each entered his largest specimen in the Warwick County Fair.
Tobe’s apple weighed 9 ounces and Zeke’s orange weighed 10 ounces. This particular year,
Tobe was ill on the day of judgment, so he sent his friend Hamlet to inquire who had won.
Adopt the role of judge and use z scores to determine the winner. Hamlet’s query to you is:
“Tobe, or not Tobe; that is the question.”
5.6. Taz’s anthropology professor drops the poorest exam grade in the term. Taz scored 79 on the
first exam. The mean was 67 and the standard deviation, 4. On the second exam, Taz made
125. The class mean was 105 and the standard deviation, 15. On the third exam, the mean
was 45 and the standard deviation, 3. Taz got 51. Which test should be dropped?
5.7. Using your answer to Problem 4.20, determine which of the following temperatures qualifies
as an outlier.
a. 98.6° F
d. 96.6° F
b. 99.9° F
e. 100.5° F
c. 96.0° F

Boxplots
At the beginning of Chapter 3, I said that to understand a distribution, you need
information about central tendency, variability, and form. A boxplot provides
Graph that shows a distribution’s
range, interquartile range, skew,
all three. In fact, a typical boxplot gives you two measures of central tendency,
median, and sometimes other
two measures of variability, and two ways to estimate skewness. Skew, of
statistics.
course, is a description of the form of a distribution.2 Because boxplots are
so informative, they are helpful during the initial exploratory stages of data
analysis and also later when explanations are given to others.
Boxplots can be oriented horizontally or vertically. Figure 5.2 shows both versions for the
Satisfaction With Life Scale (SWLS) scores you first encountered in Chapter 2. Vertical versions
put the scores of the variable on the upright axis; horizontal versions display scores horizontally.
An older name for this graphic is “box and whisker plot,” and as you can see, it consists of a box
and whiskers (and, within the box, a line and a dot).
Boxplot

Boxplots were dreamed up by John Tukey (1915–2000), who invented several statistical techniques that facilitate the
exploration of data. See Lovie’s (2005) entry on Exploratory Data Analysis.

2
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FIGURE 5.2

Vertical and horizontal boxplots of Satisfaction With Life Scale scores

Interpreting Boxplots
Central tendency A boxplot gives two measures of central tendency. The line inside the box
is at the median. The dot indicates the mean. In either panel of Figure 5.2, you can estimate the
median as 25 and the mean as slightly less (it is actually 24).
Variability Both the box and the whiskers in a boxplot tell you about variability. The box covers
the interquartile range, which you studied in Chapter 4. The bottom of the box (vertical orientation)
and the left end of the box (horizontal orientation) align with the 25th percentile score. The top of
the box and the right end correspond to the 75th percentile score. In Figure 5.2, you can estimate
these scores as 21 and 28, respectively. Thus, IQR = 7.
The whiskers extend from the box to the most extreme scores in the distribution. Thus, the
whisker tips tell you the range. Reading from the scales in Figure 5.2, you can see that the highest
score is 35 and the lowest is 5.
Skew Both the relationship of the mean to the median and any difference in the lengths of the
whiskers help you determine the skew of the distribution. You already know that, in general, when
the mean is less than the median, the skew is negative; when the mean is greater than the median,
the skew is positive. The relationship of the mean to the median is readily apparent in a boxplot.
Often, but not always, skew is indicated by whiskers of different length. If the longer whisker
corresponds to the lower scores, the skew is negative; if the longer whisker goes with the higher
scores, the skew is positive. Given these two rules of thumb to determine skew, you can conclude
that the distribution of SWLS scores in Figure 5.2 is negatively skewed.
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Variations in boxplots Boxplots are versatile; they are easily modified to present more
information or less information. Outliers can be indicated with marks or asterisks beyond the end
of the whiskers. If the data do not permit the calculation of a mean, eliminate the dot. Perhaps most
importantly, several groups can be shown on one graphic in an uncluttered way (as compared to
several frequency polygons on one axis).
Boxplot questions Look at Figure 5.3, which shows the boxplots of four distributions. Seven
questions follow. See how many you get right. If you get all of them right, consider skipping the
explanations that follow the answers.

FIGURE 5.3

Boxplots of four distributions

Questions
1. Which distribution has the greatest positive skew?
2. Which distribution is the most compact?
3. Which distribution has a mean closest to 40?
4. Which distribution is most symmetrical?
5. Which distribution has a median closest to 50?
6. Which distribution is most negatively skewed?
7. Which distribution has the greatest range?
Answers
1. Positive skew: Distribution D. The mean is greater than the median, and the high-score whisker
is longer than the low-score whisker.
2. Most compact: Distribution C. The range is smaller than other distributions.
3. Mean closest to 40: Distribution D.
4. Most symmetrical: Distribution A. The mean and median are about the same, and the whiskers
are about the same length.
5. Median closest to 50: Distribution B.
6. Most negative skew: Distribution B. The difference between the mean and median is greater in
B than in C, and the difference in whisker length is greater in B than in C.
7. Greatest range: Distribution A.
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error detection
A computer-generated boxplot and familiarity with boxplot interpretation can reveal gross
errors such as impossible or improbable scores.

PROBLEMS
5.8. Tell the story (mean, median, range, interquartile range, and form) of each of the three
boxplots in the figure that follows.

5.9. You have already found the elements needed for boxplots of the heights of 20- to 29-yearold women and men. (See Problems 2.1, 3.4, and 4.3.) Draw boxplots of the two groups
using one horizontal axis.
*5.10. Create a horizontal boxplot (but without the mean) of the oral body temperature data
based on Mackowiak et al. (1992). Find the statistics you need from your answers to
Problems 2.17 and 4.20 (Appendix G).
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Effect Size Index
■ Men are taller than women.
■ First-born children score higher than second-born children on tests of cognitive ability.
■ Interrupted tasks are remembered better than uninterrupted tasks.

These three statements follow a pattern that is common when quantitative variables are
compared. The pattern is, “The average X is greater than the average Y.” It happens that the three
statements are true on average, but they leave an important question unanswered. How much
taller, higher, or better is the first group than the second? This is a question of effect size. There
are several ways to convey effect size. Some are everyday expressions, and some are statistics
calculated from data.
For the heights of men and women, a satisfactory indication of effect size is that men, on the
average, are about 5 inches taller than women. But how satisfactory is it to know that the mean
difference in cognitive ability scores of first-born and second-born children is 13 points or that the
difference in recall of interrupted and uninterrupted tasks is three tasks? What
Effect size index
is needed is a statistic that works when the measurement scale is unfamiliar.
Amount or degree of separation
Such statistics are called effect size indexes. Kirk (2005) describes several.
between two distributions.
The Effect Size Index, d
Probably the most common effect size index is d, where

d=

µ1- µ2
σ

Thus, d is a difference between means per standard deviation unit. To calculate d, you must
estimate the parameters with statistics. Samples from the µ1 population and the µ2 population
produce 𝑋1 and 𝑋2. Calculating an estimate of σ requires knowing about degrees of freedom, a
concept that is better introduced in connection with hypothesis testing (Chapter 8 and chapters
that follow). So, at this point you will have to be content to have σ given to you.
You can easily see that if the difference between means is zero, then d = 0. Also, depending
on σ, a given difference between two means might produce a small d or a large d. The sign of d
depends on which group is assigned 1 and which is assigned 2. If this decision is arbitrary, the sign
of d is unimportant. However, in a comparison of an experimental group and a control group, it is
conventional to designate the experimental group as Group 1.
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The Interpretation of d
A widely accepted convention of what
constitutes small, medium, and large
effect sizes was proposed by Jacob Cohen
(1969)3, who was on our exploration tour
in Chapter 1.
Small effect
Medium effect
Large effect

d = 0.20
d = 0.50
d = 0.80

To get a visual idea of these d values,
look at Figure 5.4. The three tiers illustrate
small, medium, and large values of d for
both frequency polygons and boxplots.
In the top panel, the mean of Distribution
B is two-tenths of a standard deviation
unit greater than the mean of Distribution
A (d = 0.20). You can see that there is a
great deal of overlap between the two
distributions. Study the other two panels
of Figure 5.4, examining the amount of
overlap for d = 0.50 and d = 0.80.
To illustrate further, let’s take the
heights of women and men. Just intuitively,
what adjective would you use to describe
the difference in the heights of women
and men? A small difference? A large
difference?

F I G U R E 5 . 4 Frequency ploygons and boxplots of two populations that differ
by small (d=0.20), medium (d=0.50) and large (d=0.80) amounts

3

For an easily accessible source of Cohen’s reasoning in proposing these conventions, see Cohen (1992), p. 99.
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Well, gender height differences are certainly obvious, ones that everyone sees. Let’s find the
effect size index for the difference in heights of women and men. You already have estimates of
µwomen and µmen from your work on Problem 3.6: 𝑋women = 65.1 inches and 𝑋men = 70.0 inches. For
this problem, σ = 2.8 inches. Thus,

The interpretation of d = –1.75 is that the difference in heights of women and men is just
huge, more than twice the size of a difference that would be designated “large.” So, here is a
reference point for effect size indexes. If a difference is so great that everyone is aware of it, then
the effect size index, d, will be greater than large.
Let’s take another example. Women, on average, have higher verbal scores than men do.
What is the effect size index for this difference? To answer this question, I consulted Hedges and
Nowell (1995). Their analysis of six studies with very large representative samples and a total N
= 150,000 revealed that 𝑋women = 513, 𝑋men = 503, and σ = 110.4 Thus,
A d value of 0.09 is less than half the size of the value considered “small.” Thus, you can
say that although the average verbal ability of women is better than that of men, the difference is
very small.
Figure 5.5 shows overlapping frequency polygons with d values of 1.75 and 0.09, the d
values found in the two examples in this section.

F I G U R E 5 . 5 Frequency polygons that show effect size indexes of 1.75 (heights of
men and women) and 0.09 (verbal scores of men and women)

Cohen’s rule-of-thumb conventions for d are common fare in statistics textbooks, which
present problems and exercises singly and not with other studies on the same topic. Actual
research projects, however, are embedded in a literature of other studies on similar topics. In those
cases, it is always more informative to interpret d by comparing it to other d values rather than to
rely on rule-of-thumb adjectives.
4
I created the means and standard deviation, which are similar to SAT scores, so the result would mirror the conclusions of Hedges and Nowell (1995).
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clue to the future
An effect size index turns up again in Chapters 6, 9, 10, 11, 13, and 14. Effect size indexes
are an increasingly important addition to the toolkit of researchers. They are usually
required in journals that publish quantitative data.

The Descriptive Statistics Report
Techniques from this chapter and the previous two can be used to compile a Descriptive Statistics
Report, which gives you a fairly complete story for a set of data.5 The most interesting Descriptive
Statistics Reports are those that compare two or more distributions of scores. To compile a
Descriptive Statistics Report for two groups, you should (a) construct boxplots, (b) find the effect
size index, and (c) tell the story that the data reveal. As for telling the story, cover the following
points, arranging them so that your story is told well.
■ Form of the distributions
■ Central tendency
■ Overlap of the two distributions
■ Interpretation of the effect size index

To illustrate a Descriptive Statistics Report, I’ll use the heights of the men and women that
you began working with in Chapter 2. The first tasks are to assemble the statistics needed for
boxplots and to calculate an effect size index. Look at Table 5.2, which shows these statistics.
The next step is to construct boxplots (your answer to Problem 5.9). The final task is to write a
paragraph of interpretation. To write a paragraph, I recommend that you make notes and then
organize your points, selecting the most important one to lead with. Write a rough draft. Revise the
draft until you are satisfied with it.6 My final version is Table 5.3, which is a Descriptive Statistics
Report of the heights of women and men.
T A B L E 5 . 2 Descriptive statistics for a Descriptive Statistics Report of the heights of women and men
Heights of 20- to 29-year-old Americans
Women

Men

(in.)

(in.)

Mean

65.1

70.0

Median

65

70

Minimum

59

62

Maximum

72

77

25th percentile score

63

68

75th percentile score

67

Effect size index

5
6

72
1.75

A more complete report contains inferential statistics and their interpretation.
For me, several revisions are needed. This paragraph got 10.
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T A B L E 5 . 3 A Descriptive Statistics Report on the heights of women and men
The graph shows boxplots of heights of American women and men, aged 20-29. The difference in means produces
an effect size index of d =1.75.

The mean height of women is 65.1 inches; the median is 65 inches. The mean height of men is 70.0 inches; the
median is also 70 inches. Men are about 5 inches taller than women, on average. Although the two distributions overlap,
the designation “67 inches or taller” applies to more than 75% of the men but only about 25% of the women. This
difference in the two distributions is reflected by an effect size index (d) of 1.75, a very large value. (A value of 0.80 is
traditionally considered large.) The heights of women and men are distributed fairly symmetrically.

I will stop with just one example of a Descriptive Statistics Report. The best way to learn and
understand is to create reports of your own. Thus, problems follow shortly.
For the first (but not the last) time, I want to call your attention to the subtitle of this book:
Tales of Distributions. A Descriptive Statistics Report is a tale of distributions of scores. What on
earth would be the purpose of such stories?
The purpose might be to better understand a scientific phenomenon that you are intensely
interested in. The purpose might be to explain to your boss the changes that are taking place in
your industry; perhaps it is to convince a quantitative-minded customer to place a big order with
you. Your purpose might be to better understand a set of reports on a troubled child (perhaps your
own). At this point in your efforts to educate yourself in statistics, you have a good start toward
being able to tell the tale of a distribution of data. Congratulations! And, oh yes, here are some
more problems so you can get better.
PROBLEMS
5.11. Find the effect size indexes for the three data sets in the table. Write an interpretation for
each d value, using Cohen’s guidelines.
Group 1 mean
Group 2 mean Standard deviation
Set a.									
14									
12								
4
Set b.									
10									
19								
10
Set c.									
10									
19								
30
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5.12. In hundreds of studies with many thousands of participants, first-born children scored
better than second-born children on tests of cognitive ability. Data based on Zajonc (2001)
and Zajonc and Bargh (1980) provide mean scores of 469 for first-born and 456 for
second-born. For this measure of cognitive ability, σ = 110. Find d and write a sentence
of interpretation.
5.13. HAVING THE BIGGEST is a game played far and wide for fun, fortune, and fame (such
as being listed in Guinness World Records). For example, the biggest cabbage was grown
in 2012 by Scott Robb in Alaska. It weighed 138 pounds. The biggest pumpkin (2625
pounds) was grown by Mathias Willemijns of Belgium in 2016. Calculate 𝑋 and S from
the three scores below, which are representative of contest cabbages and pumpkins. Use z
scores to determine the BIG winner between Robb and Willemijns.

5.14. Among legendary cattle ranches in America, some storytellers include the ephemeral Stats
Bar-X Ranch. After round-up one year, several outfits competed. The Bar-X cowboys
were best at knife throwing, and nobody beat the Dragging y at lassoing, but who was
“best of all”? Being modern cowboys, they used statistics rather than six-shooters to settle
the question. Analyze the accuracy scores that follow with z scores to determine which
outfit was more outstanding.

5.15. For the Satisfaction With Life Score data, determine the highest score and the lowest score
that qualify as outliers. What scores (if any) in Table 2.3 are outliers? See Problem 4.2 for
the percentiles you need.
5.16. Is psychotherapy effective? This first-class question has been investigated by many
researchers. The data that follow were constructed to mirror the classic findings of Smith
and Glass (1977), who analyzed 375 studies.
The psychotherapy group received treatment during the study; the control group did
not. A participant’s psychological health score at the beginning of the study was subtracted
from the same participant’s score at the end of the study, giving the score listed in the
table. Thus, each score provides a measure of the change in psychological health for an
individual. (A negative score means that the person was worse at the end of the study.) For
these change scores, σ = 10. Create a Descriptive Statistics Report.
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Psychotherapy

Control

Psychotherapy

Control

7

9

13

–3

11

3

–15

22

0

13

10

–7

13

1

5

10

–5

4

9

–12

25

3

15

21

–10

18

10

–2

34

–22

28

5

7

0

–2

2

18

–9

23

4

KEY TERMS
Boxplot (p. 82)
Descriptive Statistics Report (p. 89)
Effect size index (p. 86)
Interquartile range (p. 81)

Outliers (p. 81)
Skew (p. 83)
Standard score (p. 79)
z score (p. 78)
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Transition Passage
To Bivariate Statistics

So far in this exploration of statistics, the raw data have appeared as a single string of
measurements of one variable. Heights, dollars, Satisfaction With Life Scale scores, and
number of boxes of Girl Scout cookies were all analyzed, but in every case (except for line
graphs), the statistics were calculated on the scores of just one variable. These data are called
univariate distributions.
The chapter that follows is about statistics that are calculated for a distribution of two
variables, which are called bivariate distributions. In a bivariate distribution, each score on
one variable is paired with a score on the other variable. Analyses of bivariate distributions
reveal answers to questions about the relationship between the two variables. For example, the
questions might be
• What is the relationship between a person’s verbal ability and mathematical ability?
• Knowing a person’s verbal aptitude score, what should we predict as his or her freshman
grade point average?
Other pairs of variables that might be related include the following:
• Height of daughters and height of their fathers
• Stress and infectious diseases
• Size of groups taking college entrance examinations and scores received
By the time you finish Chapter 6, you will know whether or not these pairs of variables are
related and, if so, the direction and degree of the relationship.
Chapter 6, “Correlation and Regression,” explains two statistical methods. Correlation
is a method used to determine the direction and degree of relationship between two variables.
Regression is a method used to predict scores for one variable when you have measurements
on a second variable.
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CHAPTER

6

OBJECTIVES FOR CHAPTER 6
After studying the text and working the problems in this chapter, you should be able to:
1. Explain the difference between univariate and bivariate distributions
2. Explain the concept of correlation and the difference between positive and
negative correlation
3. Draw scatterplots
4. Compute a Pearson product-moment correlation coefficient, r
5. Discuss the effect size index for r
6. Calculate and discuss common variance
7. Recognize correlation coefficients that indicate a reliable test
8. Discuss the relationship of correlation to cause and effect
9. Identify situations in which a Pearson r does not accurately reflect the degree of
relationship
10. Name and explain the elements of the regression equation
11. Compute regression coefficients and fit a regression line to a set of data
12. Interpret the appearance of a regression line
13. Predict scores on one variable based on scores from another variable
CORRELATION AND REGRESSION: My guess is that you have some understanding of the
concept of correlation and that you are not as comfortable with the word regression. Speculation
aside, correlation is simpler. Correlation is a statistical technique that describes the direction and
degree of relationship between two variables.
Regression is more complex. In this chapter, you will use the regression technique to
accomplish two tasks, drawing the line that best fits the data and predicting a person’s score on
one variable when you know that person’s score on a second, correlated variable. Regression has
other uses, but you will have to put those off until you study more advanced statistics.
The ideas identified by the terms correlation and regression were developed by Sir Francis
Galton in England well over 100 years ago. Galton was a genius (he could read at age 3) who had
an amazing variety of interests, many of which he actively pursued during his 89 years. He once
listed his occupation as “private gentleman,” which meant that he had inherited money and did not
have to work at a job. Lazy, however, he was not. Galton traveled widely and wrote prodigiously
(17 books and more than 200 articles).
From an early age, Galton was enchanted with counting and quantification. Among the
many things he tried to quantify were weather, individuals, beauty, characteristics of criminals,
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boringness of lectures, and effectiveness of prayers. Often, he was successful.
Quantification
For example, it was Galton who discovered that atmospheric pressure highs
Concept that translating a
phenomenon into numbers
produce clockwise winds around a calm center, and his efforts at quantifying
produces better understanding
individuals resulted in an approach to classifying fingerprints that is in use
of the phenomenon.
today. Because it worked so well for him, Galton actively promoted the
philosophy of quantification, the idea that you can understand a phenomenon
much better if you translate its essential parts into numbers.
Many of the variables that interested Galton were in the field of biological heredity. His
classic example was the heights of fathers and their adult sons. Galton thought that psychological
characteristics, too, tended to run in families. Specifically, he thought that characteristics such as
genius, musical talent, sensory acuity, and quickness had a hereditary basis. Galton’s 1869 book,
Hereditary Genius, listed many families and their famous members, including Charles Darwin,
his cousin.1
Galton wasn’t satisfied with the list in that early book; he wanted to express relationships in
quantitative terms. To get quantitative data, he established an anthropometric (people-measuring)
laboratory at a health exposition fair and at a museum in London. Approximately 17,000 people
who stopped at a booth paid three pence to be measured. They left with self-knowledge; Galton
left with quantitative data and a pocketful of coins. For one summary of Galton’s results, see
Johnson et al. (1985).
Galton’s most important legacy is probably his invention of the concepts of correlation and
regression. The task of working out theory and mathematics, however, fell to Galton’s friend and
protégé, Karl Pearson, Professor of Applied Mathematics and Mechanics at University College in
London. Pearson’s 1896 product-moment correlation coefficient and other correlation coefficients
that he and his students developed were quickly adopted by researchers in many fields and are
widely used today in psychology, sociology, education, political science, the biological sciences,
and other areas.2
Finally, although Galton’s and Pearson’s fame is for their statistical concepts, their personal
quest was to develop recommendations that would improve the human condition. Making
recommendations required a better understanding of heredity and evolution, and they saw statistics
as the best way to arrive at this better understanding.
In 1889, Galton described how valuable statistics are (and also let us in on his emotional
feelings about statistics):
Some people hate the very name of statistics, but I find them full of beauty and
interest. . . . Their power of dealing with complicated phenomena is extraordinary. They
are the only tools by which an opening can be cut through the formidable thicket of
difficulties that bars the path of those who pursue the Science of Man.3
Galton and Darwin had the same famous grandfather, Erasmus Darwin, but not the same grandmother. For both the
personal and intellectual relationships between the famous cousins, see Fancher (2009).
2
Pearson was the first person on our exploration tour in Chapter 1. He told us about chi square, another statistic he
invented. Chi square is covered in Chapter 14.
1
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My plan in this chapter is for you to read about bivariate distributions (necessary for both
correlation and regression), learn to compute and interpret Pearson product-moment correlation
coefficients, and use the regression technique to draw a best fitting straight line and predict
outcomes.

Bivariate Distributions
In the chapters on central tendency and variability, you worked with one
variable at a time (univariate distributions). Height, time, test scores, and
Frequency distribution of one
variable.
errors all received your attention. If you look back at those problems, you’ll
find a string of numbers under one heading (see, for example, Table 3.2).
Bivariate distribution
Joint distribution of two
Compare those distributions with the one in Table 6.1. In Table 6.1, there
variables; scores are paired.
are scores under the variable Extraversion and other scores under a second
variable, Conscientiousness. The characteristic of the data in this table that
makes them a bivariate distribution is that the scores on the two variables are
paired. The 45 and the 65 go together; the 65 and the 35 go together. They are paired, of course,
because the same sister made the two scores. As you will see, there are also other reasons for
pairing scores. All in all, bivariate distributions are fairly common. A bivariate distribution may
show positive correlation, negative correlation, or zero correlation.
Univariate distribution

T A B L E 6 . 1 A bivariate distribution of scores on two personality
tests taken by four sisters

Extraversion
X variable

Conscientiousness
Y variable

Meg

45

65

Beth

35

55

Jo

Amy

55
65

45
35

Positive Correlation
In the case of a positive correlation between two variables, high numbers on one variable tend
to be associated with high numbers on the other variable, and low numbers on one variable with
low numbers on the other. For example, tall fathers tend to have sons who grow up to be tall men.
Short fathers tend to have sons who grow up to be short men.
In the case of the manufactured data in Table 6.2, fathers have sons who grow up to be
exactly their height. The data in Table 6.2 represent an extreme case in which the correlation

3

For a short biography of Galton, I recommend Thomas (2005) or Waller (2001).
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coefficient is 1.00. A correlation coefficient of 1.00 is referred to as perfect correlation. (Table
6.2 is ridiculous, of course; mothers and environments have their say, too.)
T A B L E 6 . 2 Hypothetical data on two variables: heights of fathers and
heights of their sons*

Father
Jacob Smith
Michael Johnson
Matthew Williams
Joshua Brown
Christopher Jones
Nicholas Miller

Height (in.)
X

Son

Height (in.)
Y

74
72
70
68
66
64

Jake, Jr.
Mike, Jr.
Matt, Jr.
Josh, Jr.
Chris, Jr.
Nick, Jr.

74
72
70
68
66
64

* The first names are, in order, the six most common for baby boys born in 2000 in the
United States. Rounding out the top 10 are Tyler, Brandon, Daniel, and Austin (www.ssa.
gov/cgi-bin/popularnames.cgi). The surnames are the six most common in the 2000 U.S.
census. Completing the top 10 are Davis, Garcia, Rodriguez, and Wilson (www.census.
gov/genealogy/www/data/2000surnames/index.html).
Figure 6.1 is a graph of the bivariate data in Table 6.2. One variable (height of
father) is plotted on the x-axis; the other variable (height of son) is on the y-axis. Each
data point in the graph represents a pair of scores, the height of a father and the height
of his son. The points in the graph constitute a scatterplot. Incidentally, it was when
Galton cast his data as a scatterplot graph that the idea of a co-relationship began to
become clear to him.

Scatterplot

Graph of the scores of
a bivariate frequency
distribution.

F I G U R E 6 . 1 A scatterplot and regression line for a perfect positive correlation (r = 1.00)
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Regression line

A line of best fit for a
scatterplot.

The line that runs through the points in Figure 6.1 (and in Figures 6.2, 6.3, and 6.5)
is called a regression line. It is a “line of best fit.” When there is perfect
correlation (r = 1.00), all points fall exactly on the regression line. It is from regression
line that the correlation coefficient gets its symbol, r.

Let’s modify the data in Table 6.2 a bit. If every son grew to be exactly 2 inches taller
than his father (or 1 inch or 6 inches, or even 5 inches shorter), the correlation would still be
perfect, and the coefficient would still be 1.00. Figure 6.2 demonstrates this point: You can have
a perfect correlation even if the paired numbers aren’t the same. The only requirement for perfect
correlation is that the differences between pairs of scores all be the same. If they are the same,
then all the points of a scatterplot lie on the regression line, correlation is perfect, and an exact
prediction can be made.

F I G U R E 6 . 2 A scatterplot and regression line with every son
2 inches taller than his father (r = 1.00)

Of course, people cannot predict their sons’ heights precisely. The correlation is not perfect,
and the points do not all fall on the regression line. As Galton found, however, there is a positive
relationship; the correlation coefficient is about .50. The points do tend to cluster around the
regression line.
In your academic career, you have taken an untold number of aptitude and achievement
tests. For several of these tests, separate scores were computed for reading/writing aptitude and
mathematics aptitude. Here is a question for you. In the general case, what is the relationship
between reading/writing aptitude and math aptitude? That is, are people who are good in one also
good in the other, or are they poor in the other, or is there no relationship? Stop for a moment and
compose an answer.
As you may have suspected, the next graph shows data that begin to answer the question.
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Figure 6.3 shows the scores of eight high school seniors who took the SAT college admissions test.
The scores are for the Evidence-Based Reading and Writing section of the SAT (SAT EBRW) and
the mathematics section of the test (SAT Math).4 As you can see in Figure 6.3, there is a positive
relationship, though not a perfect one. As the reading/writing scores vary upward, mathematics
scores tend to vary upward. If the score on one is high, the other score tends to be high, and if one
is low, the other tends to be low. Later in this chapter, you’ll learn to calculate the precise degree
of relationship, and because there is a relationship, you can use a regression equation to predict
students’ math scores if you know their reading/writing scores.

F I G U R E 6 . 3 Scatterplot and regression line for SAT EBRW and
SAT Math scores for eight high school seniors (r = .72)

(Examining Figure 6.3, you could complain that it is not composed well; the data points are
bunched up in one corner, which leaves three-fourths of the space bare. It looks ungainly but I
was in a dilemma, which I’ll explain at the end of the chapter.)

Negative Correlation
Here is a scenario that leads to another bivariate distribution. Recall a time when you sat for a college
entrance examination (SAT and ACT are the two most common ones). How many others took the
exam at the same testing center that day? Next, imagine your motivation that day. Was it high, just
average, or low? Knowing the number of fellow test takers and your motivation, you have one point
on a scatterplot. Add a bunch more folks like yourself and you have a bivariate distribution.
Data for the current version of the SAT test were not available for this edition of Exploring Statistics. This example
mirrors data from the pre-2017 test, but the terminology is that of the current version of the SAT. All SAT data are
derived from 2008 College Board Seniors. Copyright © 2008, the College Board. collegeboard.com. Reproduced
with permission.
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Do you think that the relationship between the two variables is positive like that of the SAT
EBRW scores and SAT Math scores, or that there is no relationship, or that the relationship is
negative?
As you probably expected from this section heading, the answer to the preceding question
is negative. Figure 6.4 is a scatterplot of SAT scores and density of test takers (state averages for
50 U.S. states). High SAT scores are associated with low densities of test takers, and low SAT
scores are associated with high densities of test takers.5 This phenomenon is an illustration of the
N-Effect, the finding that an increase in number of competitors goes with a decrease in competitive
motivation and, thus, test scores (Garcia & Tor, 2009). The cartoon illustrates the N-Effect.

F I G U R E 6 . 4 Scatterplot of state SAT averages and density of test takers.
Courtesy of Stephen Garcia

Being in the Top 20%

The correlation coefficient is –.68. When Garcia and Tor (2009) statistically removed the effects of confounding
variables such as state percentage of high school students who took the SAT, state population density, and other variables, the correlation coefficient was –.35.

5
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When a correlation is negative, increases in one variable are accompanied by decreases in the
other variable (an inverse relationship). With negative correlation, the regression line goes from
the upper left corner of the graph to the lower right corner. As you may recall from algebra, such
lines have a negative slope.
Some other examples of variables with negative correlation are highway driving speed and
gas mileage, daily rain and daily sunshine, and grouchiness and friendships. As was the case
with perfect positive correlation, there is such a thing as perfect negative correlation (r = –1.00).
In cases of perfect negative correlation also, all the data points of the scatterplot fall on the
regression line.
Although some correlation coefficients are positive and some are negative, one is not more
valuable than the other. The algebraic sign simply tells you the direction of the relationship
(which is important when you are describing how the variables are related). The absolute size of r,
however, tells you the degree of the relationship. A strong relationship (either positive or negative)
is usually more informative than a weaker one.

Zero Correlation
A zero correlation means there is no linear relationship between two variables. High and low
scores on the two variables are not associated in any predictable manner. The 50 American states
differ in personal wealth; these differences are expressed as per capita income, which ranged in
2016 from $41,099 (Mississippi) to $75,923 (Connecticut). The states also differ in vehicle theft
reports per capita. You might think that these two variables would be related, but the correlation
coefficient between per capita income and vehicle thefts is .04. There is no relationship.
Figure 6.5 shows a scatterplot that produces a correlation coefficient of zero. When r = 0,
the regression line is a horizontal line at a height of Y. This makes sense; if r = 0, then your best
estimate of Y for any value of X is Y.

F I G U R E 6 . 5 Scatterplot and regression line for a zero correlation
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clue to the future
Correlation comes up again in future chapters. The correlation coefficient between two
variables whose scores are ranks is explained in Chapter 15. In part of Chapter 10 and in
all of Chapter 12, correlation ideas are involved.

PROBLEMS
6.1. What is the primary characteristic of a bivariate distribution?
6.2. What is meant by the statement “Variable X and variable Y are correlated”?
6.3. Tell how X and Y vary in a positive correlation. Tell how they vary in a negative correlation.
6.4. Can the following variables be correlated, and, if so, would you expect the correlation to
be positive or negative?
a. Height and weight of adults
b. Weight of first graders and weight of fifth graders
c. Average daily temperature and cost of heating a home
d. IQ and reading comprehension
e. The first and second quiz scores of students in two sections of General Biology
f. The Section 1 scores and the Section 2 scores of students in General Biology on the
first quiz

Correlation Coefficient
The correlation coefficient is used in a wide variety of fields. It is so popular
because it provides a quantitative answer to a very common question: “What is
the degree of relationship between _________ and ________ ?” Supplying names
of variables to go in the blanks is easy. Try it! Gathering data, however, takes
some work.
The definition formula for the correlation coefficient is

Correlation Coefficient
Descriptive statistic that
expresses the direction
and degree of relationship
between two variables.

where r = Pearson product-moment correlation coefficient
zX = a z score for variable X
zY = the corresponding z score for variable Y
N = number of pairs of scores
Think through the z-score formula to discover what happens when high scores on one variable
are paired with high scores on the other variable (positive correlation). The large positive z scores
are paired and the large negative z scores are paired. In each case, the multiplication produces
large positive products, which, when added together, make a large positive numerator. The result
is a large positive value of r. Think through for yourself what happens in the formula when there
is a negative correlation and also when there is a zero correlation.
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Although the z-score formula is an excellent way to understand how a bivariate distribution
produces r, other formulas are better for calculation. I’ll explain one formula in some detail and
then mention an equivalent formula.
One formula for calculating r is

where X and Y are paired observations
XY = product of each X value multiplied by its paired Y value
N = number of pairs of observations
The expression ∑𝑋𝑌 is called the “sum of the cross-products.” All formulas for Pearson
r include ∑𝑋𝑌. To find ∑𝑋𝑌, multiply each X value by its paired Y value and then sum those
products. Note that one term in the formula has a meaning different from that in previous chapters;
N is the number of pairs of scores.

error detection
∑𝑋𝑌 is not (∑𝑋)(∑𝑌). To find ∑𝑋𝑌, do as many multiplications as you have pairs.
Afterward, sum the products you calculated.
As for which variable to call X and which to call Y, it doesn’t make any difference for
correlation coefficients. With regression, however, it may make a big difference. More on that
later in the chapter.
Table 6.3 shows how to calculate r for the SAT EBRW and SAT Math data used for Figure
6.3. I selected these numbers so they would produce the correlation coefficient reported by the
College Board Seniors report. Work through the numbers in Table 6.3, paying careful attention to
∑𝑋𝑌. Table 6.3 also includes the calculation of means and standard deviations, which are helpful
for interpretation and necessary for the regression equation that comes later.
Many calculators have a built-in function for r. When you enter X and Y values and press the
r key, the coefficient is displayed. If you have such a calculator, I recommend that you use this
labor-saving device after you have used the computation formulas a number of times. Calculating
the components (such as ∑𝑋𝑌) leads to an understanding of what goes into r.
If you calculate sums that reach above the millions, your calculator may switch into scientific
notation. A display such as 3.234234 08 might appear. To convert this number back to familiar
notation, move the decimal point to the right the number of places indicated by the number
on the right. Thus, 3.234234 08 becomes 323,423,400. The display 1.23456789 12 becomes
1,234,567,890,000.
Table 6.4 shows the IBM SPSS output for a Pearson correlation of the two SAT variables.
Again, r = .72. The designation Sig. (2-tailed) means “the significance level for a two-tailed test,”
a concept explained in Chapter 9.
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T A B L E 6 . 3 Calculation of r between SAT EBRW scores and SAT Math scores

T A B L E 6 . 4 IBM SPSS output of Pearson r for SAT EBRW scores and SAT Math scores
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Now for interpretation. What does a correlation of .72 between SAT EBRW and SAT Math
scores mean? It means that they are directly related (positive correlation) and the relationship
is strong. Students who have high SAT EBRW scores can be expected to have high SAT Math
scores. Students with low scores on one test are likely to have low scores on the other test, although
neither expectation will be fulfilled in every individual case.
Note that if the correlation coefficient had been near zero, the interpretation would have been
that the two abilities are unrelated. If the correlation had been sizeable but negative, say –.72, you
could say, “good in one, poor in the other.”
What about the other descriptive statistics for the SAT data in Table 6.3? The means are about
500, which is what the test maker strives for, and the standard deviations are in the neighborhood
of 100. These two statistics are particularly helpful as context if you are asked to interpret an
individual score.
Correlation coefficients should be based on an “adequate” number of observations. The
traditional, rule-of-thumb definition of adequate is 30-50. My SAT example, however, had an N
of 8, and most of the problems in the text have fewer than 30 pairs. Small-N problems allow you
to spend your time on interpretation and understanding rather than “number crunching.” Chapter
9 provides the reasoning behind the admonition that N be adequate.
The correlation coefficient, r, is a sample statistic. The corresponding population parameter
is symbolized by ρ (the Greek letter rho). The formula for ρ is the same as the formula for r. One
of the “rules” of statistical names is that parameters are symbolized with Greek letters (σ, µ, ρ)
and statistics are symbolized with Latin letters (𝑋, ŝ, r). Like many rules, there are exceptions to
this one.

clue to the future
Quantitative scores are required for a Pearson r. If the scores are ranks, the appropriate
correlation is the Spearman coefficient, rs, which is explained in Chapter 15. Also, ρ, the
population correlation coefficient, returns in Chapter 9, where the reliability of r is addressed.
Here is that second formula for r that I promised. It requires you to calculate means and
standard deviations first and then use them to find r. Please note that in this formula, the standard
deviations are S and not ŝ.

r=

∑XY
- (X)(Y)
N
(SX)(SY)

error detection
The Pearson correlation coefficient ranges between –1.00 and +1.00. Values less than
–1.00 or greater than +1.00 indicate that you have made an error.
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PROBLEMS
*6.5. This problem is based on data published in 1903 by Karl Pearson and Alice Lee. In
the original article, 1376 pairs of father–daughter heights were analyzed. The scores
here produce the same means and the same correlation coefficient that Pearson and Lee
obtained. For these data, draw a scatterplot and calculate r. For extra education, use the
other formula and calculate r again.
Father’s height, X (in.)
69 68 67 65 63 73
Daughter’s height, Y (in.)
62 65 64 63 58 63
*6.6. The Wechsler Adult Intelligence Scale (WAIS) is an individually administered test that
takes more than an hour to give. The Wonderlic Personnel Test can be given to groups
of any size in 15 minutes. X and Y represent scores on the two tests. Summary statistics
from a representative sample of 21 adults were
∑𝑋 = 2205, ∑𝑌 = 2163, ∑𝑋2 = 235,800, ∑𝑌2 = 227,200, ∑𝑋𝑌 = 231,100.
Compute r and write an interpretation about using the Wonderlic rather than the WAIS.
*6.7. Is the relationship between stress and infectious disease a strong one or a weak one?
Summary values that will produce a correlation coefficient similar to that found by
Cohen and Williamson (1991) are as follows:
∑𝑋=190, ∑𝑌= 444, ∑𝑋2= 3940, ∑𝑌2=20,096, ∑𝑋𝑌= 8524, N = 10.
Calculate r. (The answer shows both formulas for r.)

Scatterplots
You already know something about scatterplots—what their elements are and what they look
like when r = 1.00, r = .00, and r = –1.00. In this section, I illustrate some intermediate cases and
reiterate my philosophy about the value of pictures.
Figure 6.6 shows scatterplots of data with positive correlation coefficients (.20, .40, .80, .90)
and negative correlation coefficients (–.60, –.95). If you draw an envelope around the points in
a scatterplot, the picture becomes clearer. The thinner the envelope, the larger the correlation. To
say this in more mathematical language, the closer the points are to the regression line, the greater
the correlation coefficient.
Pictures help you understand, and scatterplots are easy to construct. Although the plots require
some time, the benefits are worth it. Peden (2001) constructed four data sets that all produce
a correlation coefficient of .82. Scatterplots of the data, however, show four different patterns
each requiring a different interpretation. So, this is a paragraph that encourages you to construct
scatterplots—pictures promote understanding.

Interpretations of r
The basic interpretation of r is probably familiar to you at this point. A correlation coefficient
shows the direction and degree of linear relationship between two variables of a bivariate
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F I G U R E 6 . 6 Scatterplot of data in which r = .20, .40 – .60, .80, .90, and –.95

distribution. Fortunately, additional information about the relationship can be obtained from a
correlation coefficient. Over the next few pages, I’ll cover some of this additional information.
However, a warning is in order—the interpretation of r can be a tricky business. I’ll alert you to
some of the common errors.

Effect Size Index for r

What qualifies as a large correlation coefficient? What is small? You will remember that you dealt
with similar questions in Chapter 5 when you studied the effect size index. In that situation, you
had two sample means that were different. The question was, Is this a big difference? Jacob Cohen
(1969) proposed a formula for d and guidelines of small (d = 0.20), medium (d = 0.50), and large
(d = 0.80). The formula and guidelines have been widely adopted.
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In a similar way, Cohen sought an effect size index for correlation coefficients. You will be
delighted with Cohen’s formula for the effect size index for r; it is r itself. The remaining question
is, What is small, medium, and large? Cohen proposed that small = .10, medium = .30, and large
= .50. This proposal met resistance.
The problem is that correlations are used in such a variety of situations. For example, r is used
to measure the reliability of a multi-item test, assess the clinical significance of a medical drug,
and determine if a variable is one of several factors that influence an outcome. An r value of .50
has quite different meanings in these three examples.
One solution is to take an empirical approach; just see what rs are reported in the literature.
Hemphill (2003) did this. When thousands of correlation coefficients from hundreds of behavioral
science studies were separated into thirds, the results were
Lower third
< .20
Middle third
.20 to .30
Upper third 		
> .30
On the issue of adjectives for correlation coefficients, there is no simple rule of thumb. The
proper adjective for a particular r depends on the kind of research being discussed. For example,
in the section on Reliability of Tests, r < .80 is described as inadequate. But for medical treatments
and drugs, correlations such as .05 and .10 can be evidence of a positive effect.

Coefficient of Determination

The correlation coefficient is the basis of the coefficient of determination, which tells the proportion
of variance that two variables in a bivariate distribution have in common. The coefficient of
determination is calculated by squaring r; it is always a positive value between 0 and 1:
Coefficient of determination = r 2
Look back at Table 6.2, the heights that produced r = 1.00. There is
variation among the fathers’ heights as well as among the sons’ heights.
Squared correlation coefficient, an
How much of the variation among the sons’ heights is associated with the
estimate of common variance
variation in the fathers’ heights? All of it! That is, the variation among the
sons’ heights (going from 74 to 72 to 70 and so on) exactly matches the variation seen in their
fathers’ heights (74 to 72 to 70 and so on). In the same way, the variation among the sons’ heights
in Figure 6.2 (76 on down) is the same variation as that among their shorter fathers’ heights (74 on
down). For Table 6.2 and Figure 6.2, r = 1.00 and r2 = 1.00.
Now look at Table 6.3, the SAT EBRW and SAT Math scores. There is variation among the
SAT EBRW scores as well as among the SAT Math scores. How much of the variation among the
SAT Math scores is associated with the variation among the SAT EBRW scores? Some of it. That
is, the variation among the SAT Math scores (350, 500, 400, and so on) is only partly reflected in
the variation among the SAT EBRW scores (350, 350, 400, and so on). The proportion of variance
in the SAT Math scores that is associated with the variance in the SAT EBRW scores is r2. In this
case, (.72)2 = .52.
Coefficient of determination
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What a coefficient of determination of .52 tells you is that 52% of the variance in the two
sets of scores is common variance. However, 48% of the variance is independent variance—
that is, variance in one test that is not associated with variance in the other test.
Think for a moment about the many factors that influence SAT EBRW scores and SAT Math
scores. Some factors influence both scores—factors such as motivation, mental sharpness on
test day, and, of course, the big one: general intellectual ability. Other factors influence one test
but not the other—factors such as anxiety about math tests, chance successes and chance errors,
and, of course, the big ones: specific reading/writing knowledge and specific math knowledge.
Here is another example. The correlation of academic aptitude test scores with firstterm college grade point averages (GPAs) is about .50. The coefficient of determination is
.25. This means that of all that variation in GPAs (from flunking out to straight As), 25%
is associated with aptitude scores. The rest of the variance (75%) is related to other factors.
Examples of other factors that influence GPA, for good or for ill, include health, roommates,
new relationships, and financial situation. Academic aptitude tests cannot predict the variation
that these factors produce.
Common variance is often illustrated with two overlapping circles, each of which represents
the total variance of one variable. The overlapping portion is the amount of common variance.
The left half of Figure 6.7 shows overlapping circles for the GPA– college aptitude test scores,
and the right half shows the SAT EBRW– SAT Math data.

F I G U R E 6 . 7 Illustrations of common variance for r = .50 and r = .72

Note what a big difference there is between a correlation of .72 and one of .50 when they are
interpreted using the common variance terminology. Although .72 and .50 seem fairly close, an r
of .72 predicts more than twice the amount of variance that an r of .50 predicts: 52% to 25%. By
the way, common variance is the way professional statisticians interpret correlation coefficients.
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Uses of r
Reliability of Tests

Correlation coefficients are used to assess the reliability of measuring devices
such as tests, questionnaires, and instruments. Reliability refers to consistency.
Dependability or consistency
of a measure.
Devices that are reliable produce consistent scores that are not subject to
chance fluctuations.
Think about measuring a number of individuals and then measuring
them a second time. If the measuring device is not influenced by chance, you get the same
numbers both times. If the second measurement is always exactly the same as the first, it is
easy to conclude that the measuring device is perfectly reliable—that chance does not influence
the score you get. However, if the measurements are not exactly the same, you experience
uncertainty. Fortunately, a correlation coefficient between the test and the retest scores gives
you the degree of agreement. High correlation coefficients mean lots of agreement and therefore
high reliability; low coefficients mean lots of disagreement and therefore low reliability. But
what size r indicates reliability? The rule of thumb for social science measurements is that an r
of .80 or greater indicates adequate reliability.
Here is an example from Galton’s data. When the heights of 435 adults were measured twice,
the correlation was .98. It is not surprising that Galton’s method of measuring height was very
reliable. The correlation, however, for “highest audible tone,” a measure of pitch perception, was
only .28 for 349 participants whom Galton tested a second time within a year (Johnson et al.,
1985). Two interpretations are possible. Either people’s ability to hear high sounds changes during
a year, or the test was not reliable. In Galton’s case, the test was not reliable. Perhaps the test
environment was not as quiet from one time to the next, or the instruments were not calibrated the
same for both tests.
This section explains the reliability of a measuring instrument, which involves assessing the
instrument twice. The reliability of a correlation coefficient between two different variables is a
different matter. The .80 rule of thumb does not apply, a topic that will be addressed in Chapter 9.
Reliability

To Establish Causation—NOT!
A high correlation coefficient does not give you the kind of evidence that allows you to make
cause-and-effect statements. Therefore, don’t do it. Ever.
Jumping to a cause-and-effect conclusion is a cognitively easy leap for humans. For example,
Shedler and Block (1990) found that among a sample of 18-year-olds whose marijuana use ranged
from abstinence to once a month, there was a positive correlation between use and psychological
health. Is this evidence that occasional drug use promotes psychological health?
Because Shedler and Block had followed their participants from age 3 on, they knew about
a third variable, the quality of the parenting that the 18-year-olds had received. Not surprisingly,
parents who were responsive, accepting, and patient and who valued originality had children

Correlation and Regression

who were psychologically healthy. In addition, these same children as 18-year- olds had used
marijuana on occasion. Thus, two variables—drug use and parenting style—were each correlated
with psychological health. Shedler and Block concluded that psychological health and adolescent
drug use were both traceable to quality of parenting. (This research also included a sample of
frequent users, who were not psychologically healthy and who had been raised with a parenting
style not characterized by the adjectives above.)
Of course, if you have a sizable correlation coefficient, it could be the result of a causeand- effect relationship between the two variables. For example, early statements about cigarette
smoking causing lung cancer were based on simple correlational data. Persons with lung cancer
were often heavy smokers. In addition, comparisons between countries indicated a relationship
(see Problem 6.13). However, as careful thinkers—and also the cigarette companies—pointed
out, both cancer and smoking might be caused by a third variable; stress was often suggested.
That is, stress caused cancer and stress also caused people to smoke. Thus, cancer rates and
smoking rates were related (a high correlation), but one did not cause the other. Both were caused
by a third variable. What was required to establish the cause-and-effect relationship was data
from controlled experiments, not correlational data. Experimental data, complete with control
groups, established the cause-and-effect relationship between cigarette smoking and lung cancer.
(Controlled experiments are discussed in Chapter 10.)
To summarize this section using the language of logic: A sizable correlation is a necessary but
not a sufficient condition for establishing causality.

PROBLEMS
6.8. Estimate the correlation coefficients for these scatterplots.
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6.9. For the two measures of intelligence in Problem 6.6, you found a correlation of .92. What
is the coefficient of determination, and what does it mean?
6.10. In Problem 6.7, you found that the correlation coefficient between stress and infectious
disease was .25. Calculate the coefficient of determination and write an interpretation.
6.11. Examine the following summary statistics (which you have seen before). Can you
determine a correlation coefficient? Explain your reasoning.
Height of women (in.)
ΣX
ΣX 2
N = 50 pairs

3255
212,291

Height of men (in.)
3500
245,470

6.12. What percent of variance in common do two variables have if their correlation is .10?
What if the correlation is quadrupled to .40?
6.13. For each of 11 countries, the accompanying table gives the cigarette consumption per
capita in 1930 and the male death rate from lung cancer 20 years later in 1950 (Doll,
1955; reprinted in Tufte, 2001). Calculate a Pearson r and write a statement telling what
the data show.
Country
Iceland
Norway
Sweden
Denmark
Australia
Holland
Canada
Switzerland
Finland
Great Britain
United States

Per capita cigarette
consumption

Male death rate
(per million)

217
250
308
370
455
458
505
542
1112
1147
1283

59
91
113
167
172
243
150
250
352
467
191

6.14. Interpret each of these statements.
a. The correlation between vocational-interest scores at age 20 and at age 40 for 150
participants was .70
b. A correlation of .86 between intelligence test scores of identical twins raised together
c. A correlation of –.30 between IQ and family size
d. r = .22 between height and IQ for 20-year-old men
e. r = –.83 between income level and probability of diagnosis of schizophrenia

Strong Relationships but Low Correlation Coefficients
One good thing about understanding something is that you come to know what’s going on beneath
the surface. Knowing the inner workings, you can judge whether the surface appearance is to be
trusted or not. You are about to learn two of the “inner workings” of correlation. These will help
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you evaluate the meaning of low correlation coefficients. A small correlation coefficient does not
always mean there is no relationship between two variables. Correlations that do not reflect the
true degree of the relationship are said to be spuriously low or spuriously high.

Nonlinearity
For r to be a meaningful statistic, the best-fitting line through the scatterplot of points must be a
straight line. If a curved line fits the data better than a straight line, r will be low, not reflecting the
true relationship between the two variables.
Figure 6.8 is an example of a situation in which r is inappropriate because the best-fitting line
is curved. The X variable is arousal, and the Y variable is efficiency of performance. At low levels
of arousal (sleepy, for example), performance is not very good. Likewise, at very high levels of
arousal (agitation, for example), people don’t perform well. In the middle range, however, there is
a degree of arousal that is optimum; performance is best at moderate levels of arousal.

F I G U R E 6 . 8 Generalized relationship between arousal and efficiency of performance

In Figure 6.8, there is obviously a strong relationship between arousal and performance,
but r for the distribution is –.10, which indicates a very weak relationship. The product-moment
correlation coefficient is just not useful for measuring the strength of curved relationships. For
curved relationships, researchers often measure the strength of association with the statistic eta (η)
or by calculating the formula for a curve that fits the data.

error detection
When a data set produces a low correlation coefficient, a scatterplot is especially
recommended. A scatterplot might reveal that a Pearson correlation coefficient is not
appropriate for the data set.
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Truncated Range
Besides nonlinearity, a second situation produces small Pearson correlation coefficients even
though there is a strong relationship between the two variables. Spuriously low r values can occur
when the range of scores in the sample is much smaller than the range of scores in the population
(a truncated range).
I’ll illustrate with the relationship between GRE scores and grades in
graduate school.6 The relationship graphed in Figure 6.9 is based on a study
Truncated range
Range of a sample is smaller
by Sternberg and Williams (1997). These data look like a snowstorm; they
than the range of its population
lead to the conclusion that there is little relationship between GRE scores
and graduate school grades.

F I G U R E 6 . 9 Scatterplot of GRE scores and graduate school grades in one school

However, students in graduate school do not represent the full range of GRE scores; those
with low GRE scores are not included. What effect does this restriction of the range have? You can
get an answer to this question by looking at Figure 6.10, which shows a hypothetical scatterplot
of data for the full range of GRE scores. This scatterplot shows a moderate relationship. So, unless
you recognized that your sample of graduate students truncated the range of GRE scores, you
might be tempted to dismiss GRE scores as “worthless.” (A clue that Figure 6.9 has a truncated
range is on the horizontal axis. The GRE scores range from medium to high.)

6

The Graduate Record Examination (GRE) is used by many graduate schools to help select students to admit.
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F I G U R E 6 . 1 0 Hypothetical scatterplot of GRE scores and expected graduate
school grades for the population

Other Kinds of Correlation Coefficients
The kind of correlation coefficient you have been learning about—the Pearson
Dichotomous variable
product- moment correlation coefficient—is appropriate for measuring the
Variable that has only two
degree of the relationship between two linearly related, continuous variables.
values.
Sometimes, however, the data do not consist of two linearly related, continuous
Multiple correlation
variables. What follows is a description of five other situations. In each case,
Correlation coefficient that
you can express the direction and degree of relationship in the data with a
expresses the degree of
relationship between one
correlation coefficient—but not a Pearson product-moment correlation
variable and two or more
coefficient. Fortunately, other correlation coefficients are interpreted much like
other variables.
Pearson product-moment coefficients.
Partial correlation
1. If one of the variables is dichotomous (has only two values), then a
Technique that allows the
biserial correlation (rb) or a point-biserial correlation (rpb) is appropriate.
separation of the effect of one
variable from the correlation
Variables such as height (recorded as simply tall or short) and gender (male or
of two other variables.
female) are examples of dichotomous variables.
2. Several variables can be combined, and the resulting combination can
be correlated with one variable. With this technique, called multiple correlation, a more precise
prediction can be made. Performance in school can be predicted better by using several measures
of a person rather than one.
3. A technique called partial correlation allows you to separate or partial out the effects
of one variable from the correlation of two variables. For example, if you want to know the true
correlation between achievement test scores in two school subjects, it is probably necessary to
partial out the effects of intelligence because cognitive ability and achievement are correlated.
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4. When the data are ranks rather than scores from a continuous variable, researchers calculate
Spearman rs, which is covered in Chapter 15.
5. If the relationship between two variables is curved rather than linear, then the correlation
ratio eta (η) gives the degree of association (Field, 2005a).
These and other correlational techniques are discussed in intermediate-level textbooks.

PROBLEMS
6.15. The correlation between scores on a humor test and a test of insight is .83. Explain what
this means. Continue your explanation by interpreting the coefficient of determination.
End your explanation with caveats7 appropriate for r.
6.16. The correlation between number of older siblings and degree of acceptance of personal
responsibility for one’s own successes and failures is –.37. Interpret this correlation. Find
the coefficient of determination and explain what it means. What can you say about the
cause of the correlation?
6.17. Examine the following data, make a scatterplot, and compute r if appropriate.
Serial position
1
2
3
4
5
6
7
8
Errors		
2
5
6
9
13
10
6
4

Linear Regression
First, a caution about the word regression, which has two quite separate meanings. One meaning
of regression is a statistical technique that allows you to make predictions and draw a line of best
fit for bivariate distributions. This is the topic of this chapter.
The word regression also refers to a phenomenon that occurs when an extreme group is tested
a second time. Those who do very well the first time can be expected to see their performance
drop the second time they are tested. Similarly, those who do poorly the first time can expect a
better score on the second test. (This phenomenon is more properly referred to as regression to
the mean.) Very high scores and very low scores are at least partly the result of good luck and bad
luck. Luck is fickle, and the second test score is not likely to benefit from as much luck, either
good or bad. Regression to the mean occurs in many situations, not just with tests. Any time
something produces an extreme result and then is evaluated a second time, regression occurs. For
an informative chapter on the widespread nature of the regression phenomenon, see Kahneman
(2011, Chapter 17).
Now, back to linear regression, a technique that lets you predict a specific
Linear regression
score
on one variable given a score on the second variable. A few sections ago, I said
Method that produces a
straight line that best fits a
that the correlation between college entrance examination scores and first-semester
bivariate distribution.
grade point averages is about .50. Knowing this correlation, you can predict that
those who score high on the entrance examination are more likely to succeed as
7

Warnings.
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freshmen than those who score low. This statement is correct, but it is pretty general. Usually, you
want to predict a specific grade point average for a specific applicant. For example, if you were
in charge of admissions at Collegiate U., you want to know the entrance examination score that
predicts a GPA of 2.00, the minimum required for graduation. To make specific predictions, you
must calculate a regression equation.

The Regression Equation
The regression equation is a formula for a straight line. It allows you to predict a value for Y,
given a value for X. In statistics, the regression equation is
Regression equation

Ŷ = a + bX

Equation that predicts values
of Y for specific values of X.

where Ŷ = Y value predicted for a particular X value
a = point at which the regression line intersects the y-axis
b = slope of the regression line
X = value for which you wish to predict a Y value
For correlation problems, the symbol Y can be assigned to either variable, but in regression
equations, Y is assigned to the variable you wish to predict.
To use the equation Ŷ = a + bX, you must have values for a and b, which
are called regression coefficients. To find b, the slope of the regression line,
use the formula
b=

Regression coefficients
The constants a and b in a
regression equation.

N∑XY - (∑X)(∑Y)
N∑X2 - (∑X)2

Use the following alternate formula for b when raw scores are not available, which often happens
when you do a regression analysis on the data of others.
b=r

SY
SX

where r = the correlation coefficient for X and Y
SY = standard deviation of the Y variable (N in the denominator)
SX = standard deviation of the X variable (N in the denominator)
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To compute a, the regression line’s intercept with the y-axis, use the formula
a = Y - b𝑋
where

= mean of the Y scores
b = regression coefficient computed previously
𝑋 = mean of the X scores

Figure 6.11 is a generic illustration that helps explain regression coefficients a and b. In
Figure 6.11, the regression line crosses the y-axis exactly at 4, so a = 4.00. The coefficient b
is the slope of the line. To independently determine the slope of a line from a graph, divide
the vertical distance the line rises by the horizontal distance the line covers. In Figure 6.11, the
line DE (vertical rise of the line FD) is half the length of FE (the horizontal distance of FD).
Thus, the slope of the regression line is 0.50 (DE/FE = b = 0.50). Put another way, the
value of Y increases one-half point for every one-point increase in X.

F I G U R E 6 . 1 1 The regression coefficients a and b

The regression coefficients a and b can have positive values or negative values. A negative
a means that the line crosses the y-axis below the zero point. A negative b means the line has a
negative slope. A line with a negative slope has its highest point to the left of its lowest point.
This might be expressed as the line slopes to the left. A line with a positive b has its highest
point to the right of its lowest point; that is, the line slopes to the right. Figure 6.11 is an
example. Small values of b (either positive or negative) indicate regression lines that are almost
horizontal.
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Writing a Regression Equation
I’ll illustrate the calculation of a regression equation with college aptitude data and first-year
college grade point averages. The college aptitude data come from the SAT EBRW data in Table
6.3. The first-year college grade point averages (FY GPA) come from Korbrin et al. (2008).
Because the task is to predict FY GPA from SAT EBRW scores, FY GPA is the Y variable.

error detection
Step 1 in writing a regression equation is to identify the variable whose scores you want to
predict. Make that variable Y.
After designating the Y variable, assemble the data. Korbrin et al. (2008) supply summary data
but not raw data, so the alternative formula for b is necessary. The assembled data—correlation
coefficient, means, and standard deviations (S) of both variables are as follows:

The formula for b gives

b=r

SY
0.71
= (.48)
= (.48)(0.00759) = 0.00364
93.54
SX

The formula for a gives
a = Y - b𝑋  = 2.97 - (0.00364)(500) = 2.97 - 1.822 = 1.148
The b coefficient (0.0036) tells you that the slope of the regression line is almost flat. The a
coefficient tells you that the regression line intersects the y-axis at 1.148. Entering these regression
coefficient values into the regression equation produces a formula that predicts first-year GPA
from SAT EBRW scores.

Ŷ = a + bX = 1.148 + 0.00364X
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To illustrate, let’s predict the freshman GPA for a student whose SAT EBRW score is one
standard deviation above the mean. This SAT EBRW score is about 594 (500 + 93.54 = 593.54 ≈
594). SAT EBRW scores are reported in multiples of 10. An SAT EBRW score of 590 is almost
one standard deviation above the mean. I’ll use 590 for this illustration.

Ŷ = 1.148 + 0.00364X

Ŷ = 1.148 + 0.00364(590) = 3.30

Thus, we’d predict a respectable GPA of 3.30 for a high school student whose SAT EBRW
score is about one standard deviation above the mean.8
Several sections back, I said that if you were in charge of admissions at Collegiate U, you’d
want to know the entrance exam score that predicts a graduation GPA of 2.00. With the regression
equation above, you can approximate that knowledge by finding the SAT EBRW score that
predicts a first-year GPA of 2.00.

Ŷ = 1.148 + 0.00364X
2.00 = 1.148 + 0.00364X
X = 234
SAT scores come in multiples of 10, so I’ll have to choose between 230 and 240. Because
I want a score that predicts applicants who will achieve a FY GPA of at least 2.00, I would
recommend 240.
To find Ŷ values from summary data without calculating a and b, use this formula:

To make Ŷ predictions directly from raw scores, use this formula:

Ŷ = Y + (X – 𝑋)

N∑ XY – (∑ X)(∑ Y)
N∑ X2 – (∑ X)2

PROBLEM
*6.18. Using the statistics in Table 6.3, write the equation that predicts SAT Math scores from
SAT EBRW scores.
You may know your own SAT EBRW score. With this equation, you can predict your own first-year college grade
point average. Also, you probably already have a first-year college grade point average. How do the two compare?

8
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Now you know how to make predictions. Predictions, however, are cheap; anyone can make
them. Respect accrues only when your predictions come true. So far, I have dealt with accuracy by
simply pointing out that when r is high, accuracy is high, and when r is low, you cannot put much
faith in your predicted values of Ŷ.
Standard error of
To actually measure the accuracy of predictions made from a regression estimate
analysis, you need the standard error of estimate. This statistic is discussed Standard deviation of the
in most intermediate-level textbooks and in textbooks on testing. The concepts differences between predicted
outcomes and actual
in Chapters 7 and 8 of this book provide the background needed to understand outcomes.
the standard error of estimate.

Drawing a Regression Line on a Scatterplot
To illustrate drawing a regression line, I’ll return to the data in Table 6.3, the two subtests of the
SAT. To draw the line, you need a straightedge and two points on the line. Any two points will do.
One point that is always on the regression line is (𝑋, Y). Thus, for the SAT data, the two means
(500, 515) identify a point. This point is marked on Figure 6.12 with an open circle.

F I G U R E 6 . 1 2 Scatterplot and regression line for SAT EBRW and SAT Math scores in Table 6.3

The second point may take a little more work. For it, you need the regression equation.
Fortunately, you have that equation from your work on Problem 6.18.
Ŷ = 165 + 0.700X
To find a second point, choose a value for X and solve for Y. Any value for X within the range
of your graph will do; I chose 400 because it made the product of 0.700X easy to calculate. (0.700)
(400) = 280. Thus, the second point is (400, 445), which is marked on Figure 6.12 with an ×.
Finally, line up the straightedge on the two points and extend the line in both directions. Notice
that the line crosses the y-axis just under 400, which may surprise you because a = 165. (I’ll come
back to this in the next section.)
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With a graph such as Figure 6.12, you can make predictions about SAT Math scores from
SAT EBRW scores. From a score on the x-axis, draw a vertical line up to the regression line. Then
draw a horizontal line over to the vertical axis. That Y score is Ŷ, the predicted SAT Math score.
On Figure 6.12, the SAT Math score predicted for an SAT EBRW score of 375 is between 400
and 450.
In IBM SPSS, the linear regression program calculates several statistics and displays them
in different tables. The IBM SPSS table coefficients is reproduced as Table 6.5 for the SAT data.
The regression coefficients are in the β column under Unstandardized Coefficients. The intercept
coefficient, a (165.00), is labeled (Constant), and the slope coefficient, b (0.700), is labeled SAT
EBRW. The Pearson correlation coefficient (.724) is in the Beta column.
T A B L E 6 . 5 IBM SPSS output of regression coefficients and r for the SAT EBRW and
SAT Math scores in Table 6.3

The Appearance of Regression Lines
Now, I’ll return to the surprise I mentioned in the previous section: The regression line in Figure
6.12 crosses the y-axis just below 400 although a = 165. The appearance of regression lines
depends not only on the calculated values of a and b but also on the units chosen for the x- and
y-axes and whether there are breaks in the axes. Look at Figure 6.13. Although the two lines
appear different, b = 1.00 for both. They don’t appear the same because the y-axes are different.
The units in the left graph are twice as large as units in the right graph.
I can now explain the dilemma I faced when I designed the poorly composed Figure 6.3. The
graph is ungainly because it is square (100 X units is the same length as 100 Y units) and because
both axes start at zero, which forces the data points up into a corner. I composed it the way I did
because I wanted the regression line to cross the y-axis at a (note that it does, 165) and because I
wanted its slope to appear equal to b (note that it does, 0.70).
The more attractive Figure 6.12 is a scatterplot of the same data as those in Figure 6.3. The
difference is that Figure 6.12 has breaks in the axes, and 100 Y units is about one-third the length
of 100 X units. I’m sure by this point you have the message—you cannot necessarily determine a
and b by looking at a graph.
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F I G U R E 6 . 1 3 Two regression lines with the same slope (b = 1.00) but with
different appearances. The difference is caused by different-sized units on the y axis

Finally, a note of caution: Every scatterplot has two regression lines. One is called the
regression of Y onto X, which is what you did in this chapter. The other is the regression of X
onto Y. The difference between these two depends on which variable is designated Y. So, in your
calculations, be sure you assign Y to the variable you want to predict.

PROBLEMS
6.19. In Problem 6.5, the father–daughter height data, you found r = .513.
a. Compute the regression coefficients a and b. Let fathers = X; daughters = Y.
b. Use your scatterplot from Problem 6.5 and draw the regression line.
6.20. In Problem 6.6, the two different intelligence tests (with the WAIS test as X and the
Wonderlic as Y), you computed r.
a. Compute a and b.
b. What Wonderlic score would you predict for a person who scored 130 on the WAIS?
6.21. Regression is a technique that economists and businesspeople rely on heavily. Think
about the relationship between advertising expenditures and sales. Use the data in the
accompanying table, which are based on national statistics.
a. Find r.
b. Write the regression equation.
c. Plot the regression line on the scatterplot.
d. Predict sales for an advertising expenditure of $10,000.
e. Explain whether any confidence at all can be put in the prediction you made.
Advertising, X
($ thousands)

Sales, Y
($ thousands)

3
4
3
5
6
5
4

70
120
110
100
140
120
100
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6.22. The correlation between Stanford–Binet IQ scores and Wechsler Adult Intelligence Scale
(WAIS) IQs is about .80. Both tests have a mean of 100. Until recently, the standard
deviation of the Stanford–Binet was 16. For the WAIS, S = 15. What WAIS IQ do you
predict for a person who scores 65 on the Stanford–Binet? Write a sentence summarizing
these results. (An IQ score of 70 has been used by some schools as a cutoff point between
regular classes and special education classes.)
6.23. Many predictions about the future come from regression equations. Use the following
data from the National Center for Education Statistics to predict the number of college
graduates with bachelor’s degrees in the year 2017. Use the time period numbers rather
than years in your calculations and carry four decimal places. Carefully choose which
variable to call X and which to call Y.
Time period						1				2				3				4				5
Year									
2011		 2012		 2013		 2014		 2015
Graduates (millions)		1.72			1.79			1.84			1.87			1.89
6.24. Once again, look over the objectives at the beginning of the chapter. Can you do them?
6.25. Now it is time for integrative work on the descriptive statistics you studied in Chapters
2–6. Choose one of the two options that follow.
a. Write an essay on descriptive statistics. Start by jotting down from memory
things you could include. Review Chapters 2–6, adding to your list additional
facts or other considerations. Draft the essay. Rest. Revise it.
b. Construct a table that summarizes the descriptive statistics in Chapters 2–6.
List the techniques in the first column. Across the top of the table, list topics
that distinguish among the techniques—topics such as purpose, formula, and
so forth. Fill in the table. Whether you choose option a or b, save your answer
for that time in the future when you are reviewing what you are learning in this
course (final exam time?).

KEY TERMS
Bivariate distribution (p. 96)
Causation and correlation (p. 110)
Coefficient of determination (p. 108)
Common variance (p. 108)
Correlation coefficient (p. 102)
Dichotomous variable (p. 115)
Effect size index for r (p. 107)
Intercept (p. 117)
Linear regression (p. 116)
Multiple correlation (p. 115)
Negative correlation (p. 99)
Nonlinearity (p. 113)
Partial correlation (p. 115)

Positive correlation (p. 96)
Quantification (p. 95)
Regression coefficients (p. 117)
Regression equation (p. 117)
Regression line (p. 98)
Reliability (p. 110)
Scatterplot (p. 97, 106)
Slope (p. 117)
Standard error of estimate (p. 121)
Truncated range (p. 114)
Univariate distribution (p. 96)
Zero correlation (p. 101)
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What Would You Recommend? Chapters 2-6
At this point in the text (and at two later points), I have a set of problems titled What would you
recommend? These problems help you review and integrate your knowledge. For each problem
that follows, recommend a statistic from among those you learned in the first six chapters. Note
why you recommend that statistic.
a. Registration figures for the American Kennel Club show which dog breeds are common
and which are uncommon. For a frequency distribution for all breeds, what central tendency
statistic is appropriate?
b. Among a group of friends, one person is the best golfer. Another person in the group is the
best at bowling. What statistical technique allows you to determine that one of the two is better
than the other?
c. Tuition at Almamater U. has gone up each of the past 5 years. How can I predict what it
will be in 25 years when my child enrolls?
d. Each of the American states has a certain number of miles of ocean coastline (ranging from
0 to 6640 miles). Consider a frequency distribution of these 50 scores. What central tendency
statistic is appropriate for this distribution? Explain your choice. What measure of variability do
you recommend?
e. Jobs such as “appraiser” require judgments about the value of a unique item. Later, a sale
price establishes an actual value. Suppose two applicants for an appraiser’s job made judgments
about 30 items. After the items sold, an analysis revealed that when each applicant’s errors were
listed, the average was zero. What other analysis of the data might provide an objective way to
decide that one of the two applicants was better?
f. Suppose you study some new, relatively meaningless material until you know it all. If you
are tested 40 minutes later, you recall 85%; 4 hours later, 70%; 4 days later, 55%; and 4 weeks
later, 40%. How can you express the relationship between time and memory?
g. A table shows the ages and the number of voters in the year 2018. The age categories start
with “18–20” and end with “65 and over.” What statistic can be calculated to best describe the age
of a typical voter?
h. For a class of 40 students, the study time for the first test ranged from 30 minutes to 6
hours. The grades ranged from a low of 48 to a high of 98. What statistic describes how the
variable Study time is related to the variable Grade?
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Transition Passage
To Inferential Statistics

YOU ARE NOW through with the part of the book that is clearly about descriptive statistics.
You should be able to describe a set of data with a graph; a few choice words; and numbers such
as a mean, a standard deviation, and (if appropriate) a correlation coefficient.
The next chapter serves as a bridge between descriptive and inferential statistics. All the
problems you will work give you answers that describe something about a person, score, or
group of people or scores. However, the ideas about probability and theoretical distributions
that you use to work these problems are essential elements of inferential statistics.
So, the transition this time is to concepts that prepare you to plunge into material on
inferential statistics. As you will see rather quickly, many of the descriptive statistics that you
have been studying are elements of inferential statistics.
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Theoretical Distributions
Including the Normal
Distribution

CHAPTER

7

OBJECTIVES FOR CHAPTER 7
After studying the text and working the problems in this chapter, you should be
able to:
1. Distinguish between theoretical and empirical distributions
2. Distinguish between theoretical and empirical probability
3. Describe the rectangular distribution and the binomial distribution
4. Find the probability of certain events from knowledge of the theoretical distribution
of those events
5. List the characteristics of the normal distribution
6. Find the proportion of a normal distribution that lies between two scores
7. Find the scores between which a certain proportion of a normal distribution falls
8. Find the number of cases associated with a particular proportion of a normal
distribution
THIS CHAPTER HAS more figures than any other chapter, almost one per page. The
reason for all these figures is that they are the best way I know to convey ideas about
theoretical distributions and probability. So, please examine these figures carefully,
making sure you understand what each part means. When you are working problems,
drawing your own pictures is a big help.
I’ll begin by distinguishing between empirical distributions and theoretical
distributions. In Chapter 2, you learned to arrange scores in frequency distributions. The
scores you worked with were selected because they were representative of
Empirical distribution
scores from actual research. Distributions of observed scores are empirical Scores that come from
distributions.
observations.
This chapter has a heavy emphasis on theoretical distributions. Like
Theoretical distribution
the empirical distributions in Chapter 2, a theoretical distribution is a Hypothesized scores based
presentation of all the scores, usually presented as a graph. Theoretical on mathematical formulas and
logic.
distributions, however, are based on mathematical formulas and logic rather
than on empirical observations.
Theoretical distributions are used in statistics to determine probabilities. When there
is a correspondence between an empirical distribution and a theoretical distribution, you
can use the theoretical distribution to arrive at probabilities about future empirical events.
Probabilities, as you know, are quite helpful in reaching decisions.

128

Chapter 7

This chapter covers three theoretical distributions: rectangular, binomial, and normal.
Rectangular and binomial distributions are used to illustrate probability more fully and to
establish some points that are true for all theoretical distributions. The third distribution, the
normal distribution, will occupy the bulk of your time and attention in this chapter.

Probability
You already have some familiarity with the concept of probability. You know, for example, that
probability values range from .00 (there is no possibility that an event will occur) to 1.00 (the
event is certain to happen).
In probability language, events are often referred to as “successes” or “failures.” To
calculate the probability of a success using the theoretical approach, first enumerate all the ways
a success can occur. Then enumerate all the events that can occur (whether successes or failures).
Finally, form a ratio with successes in the numerator and total events in the denominator. This
fraction, changed to a decimal, is the theoretical probability of a success. For example, with
coin flipping, the theoretical probability of “head” is .50. A head is a success and it can occur
in only one way. The total number of possible outcomes is two (head and tail), and the ratio 1/2
is .50. In a similar way, the probability of rolling a six on a die is 1/6 = .167. For playing cards,
the probability of drawing a jack is 4/52 = .077.
The empirical approach to finding probability involves observing actual events, some of
which are successes and some of which are failures. The ratio of successes to total events
produces a probability, a decimal number between .00 and 1.00. To find an empirical probability,
you use observations rather than logic to get the numbers.1
What is the probability of particular college majors? This probability question can be
answered using numbers from Figure 2.5 and the fact that 1,921,000 baccalaureate degrees
were granted in 2015–2016. Choose the major you are interested in and label the frequency
of that major number of successes. Divide that by 1,921,000, the number of events. The result
answers the probability question. If the major in question is sociology, then 26,000/1,921,000
= .01. For English, the probability is 43,000/1,921,000 = .02.2 Now here’s a question for you to
answer for yourself. Were these probabilities determined theoretically or empirically?
The rest of this chapter will emphasize theoretical distributions and theoretical probability.
You will work with coins and cards next, but before you are finished, I promise you a much
wider variety of applications.

1
2

The empirical probability approach is sometimes called the relative frequency approach.
If I missed doing the arithmetic for the major you are interested in, I hope you’ll do it for yourself.

Theoretical Distributions Including Normal Distribution

A Rectangular Distribution
To show you the relationship between theoretical distributions and theoretical
Rectangular distribution
probabilities, I’ll use a theoretical distribution based on a deck of ordinary Distribution in which all scores
playing cards. Figure 7.1 is a histogram that shows the distribution of types have the same frequency.
of cards. There are 13 kinds of cards, and the frequency of each card is 4.
This theoretical curve is a rectangular distribution. (The line that encloses
a histogram or frequency polygon is called a curve, even if it is straight.) The number in the area
above each card is the probability of obtaining that card in a chance draw from the deck. That
theoretical probability (.077) was obtained by dividing the number of cards that represent the
event (4) by the total number of cards (52).

F I G U R E 7 . 1 Theoretical distribution of 52 draws from a deck of playing cards

Probabilities are often stated as “chances in a hundred.” The expression p = .077 means
that there are 7.7 chances in 100 of the event occurring. Thus, from Figure 7.1, you can tell at a
glance that there are 7.7 chances in 100 of drawing an ace from a deck of cards. This knowledge
might be helpful in some card games.
With this theoretical distribution, you can determine other probabilities. Suppose you want
to know your chances of drawing a face card or a 10. These are the shaded events in Figure 7.1.
Simply add the probabilities associated with a 10, jack, queen, and king. Thus, .077 + .077 +
.077 + .077 = .308. This knowledge might be helpful in a game of blackjack, in which a face
card or a 10 is an important event (and may even signal “success”).
In Figure 7.1, there are 13 kinds of events, each with a probability of .077. It is not
surprising that when you add them all up [(13)(.077)], the result is 1.00. In addition to the
probabilities adding up to 1.00, the areas add up to 1.00. That is, by conventional agreement,
the area under the curve is taken to be 1.00. With this arrangement, any statement about area is
also a statement about probability. (If you like to verify things for yourself, you’ll find that each
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slender rectangle has an area that is .077 of the area under the curve.) Of the total area under
the curve, the proportion that signifies ace is .077, and that is also the probability of drawing an
ace from the deck.3

clue to the future
The probability of an event or a group of events corresponds to the area of the theoretical
distribution associated with the event or group of events. This idea will be used
throughout this book.

PROBLEMS

7.1. What is the probability of drawing a card that falls between 3 and jack, excluding both?
7.2. If you drew a card at random, recorded the result, and replaced the card in the deck, how
many 7s would you expect in 52 draws?
7.3. What is the probability of drawing a card that is higher than a jack or lower than a 3?
7.4. If you made 78 draws from a deck, replacing each card, how many 5s and 6s would you
expect?

A Binomial Distribution
The binomial distribution is another example of a theoretical distribution.
Suppose you take three new quarters and toss them into the air. What is the
probability that all three will come up heads? As you may know, the answer
is found by multiplying together the probabilities of each of the independent
events. For each coin, the probability of a head is 1/2 so the probability that
all three will be heads is (1/2)(1/2)(1/2) = 1/8 = .1250.
Here are two other questions about tossing those three coins. What is the probability of two
heads? What is the probability of one head or zero heads? You could answer these questions
easily if you had a theoretical distribution of the probabilities. Here’s how to construct one.
Start by listing, as in Table 7.1, the eight possible outcomes of tossing the three quarters into the
air. Each of these eight outcomes is equally likely, so the probability for any one of them is 1/8
= .1250. There are three outcomes in which two heads appear, so the probability of two heads is
.1250 + .1250 + .1250 = .3750. The probability .3750 is the answer to the first question. Based
on Table 7.1, I constructed Figure 7.2, which is the theoretical distribution of probabilities you
need. You can use it to answer Problems 7.5 and 7.6, which follow.

Binomial distribution

Distribution of the frequency of
events that can have only two
possible outcomes.

In gambling situations, uncertainty is commonly expressed in odds. The expression “odds of 5:1” means that there
are five ways to fail and one way to succeed; 3:2 means three ways to fail and two ways to succeed. The odds of
drawing an ace are 12:1. To convert odds to a probability of success, divide the second number by the sum of the two
numbers.

3
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T A B L E 7 . 1 All possible outcomes when three coins are tossed

Outcomes
Heads, heads, heads
Heads, heads, tails
Heads, tails, heads
Tails, heads, heads
Heads, tails, tails
Tails, head, tails
Tails, Tails, head
Tails, tails, tails

Number of heads

Probability of outcome

3
2
2
2
1
1
1
0

.1250
.1250
.1250
.1250
.1250
.1250
.1250
.1250

F I G U R E 7 . 2 A theoretical binomial distribution showing the number of
heads when three coins are tossed

PROBLEMS

7.5. If you toss three coins into the air, what is the probability of a success if success is (a) either
one head or two heads? (b) all heads or all tails?
7.6. If you throw the three coins into the air 16 times, how many times would you expect to
find zero heads?

Comparison of Theoretical and Empirical Distributions
I have carefully called Figures 7.1 and 7.2 theoretical distributions. A theoretical distribution
may not reflect exactly what would happen if you drew cards from an actual deck of playing
cards or tossed quarters into the air. Actual results could be influenced by lost or sticky cards,
sleight of hand, uneven surfaces, or chance deviations. Now let’s turn to the empirical question
of what a frequency distribution of actual draws from a deck of playing cards looks like. Figure
7.3 is a histogram based on 52 draws from a used deck shuffled once before each draw.
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F I G U R E 7 . 3 Empirical frequency distribution of 52 draws from a deck of
playing cards

As you can see, Figure 7.3 is not exactly like Figure 7.1. In this case, the differences
between the two distributions are due to chance or worn cards and not to lost cards or sleight of
hand (at least not conscious sleight of hand). Of course, if I made 52 more draws from the deck
and constructed a new histogram, the picture would probably be different from both Figures 7.3
and 7.1. However, if I continued, drawing 520 or 5200 or 52,000 times, and only chance was
at work, the curve would be practically flat on the top; that is, the empirical curve would look
like the theoretical curve.
The major point here is that a theoretical curve represents the “best estimate” of how the
events would actually occur. As with all estimates, a theoretical curve may produce predictions
that vary from actual observations, but in the world of real events, it is better than any other
estimate.
In summary, then, a theoretical distribution is one based on logic and mathematics rather
than on observations. It shows you the probability of each event that is part of the distribution.
When it is similar to an empirical distribution, the probability figures obtained from the
theoretical distribution are accurate predictors of actual events.

The Normal Distribution
Normal distribution

A bell-shaped, theoretical
distribution that predicts the
frequency of occurrence of
chance events.

One theoretical distribution has proved to be extremely valuable—the
normal distribution. With contributions from Abraham de Moivre (1667–
1754) and Pierre-Simon Laplace (1749–1827), Carl Friedrich Gauss (1777–
1855) worked out the mathematics of the curve and used it to assign precise
probabilities to errors in astronomy observations (Wight & Gable, 2005).
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Because the Gaussian curve was such an accurate picture of the effects of random variation,
early writers referred to the curve as the law of error. (In statistics, error means random
variation.) At the end of the 19th century, Francis Galton called the curve the normal distribution
(David, 1995). Perhaps Galton chose the word normal based on the Latin adjective normalis,
which means built with a carpenter’s square (and therefore exactly right). Certainly, there were
statisticians during the 19th century who mistakenly believed that if data were collected without
any mistakes, the form of the distribution would be what is today called the normal distribution.
One of the early promoters of the normal curve was Adolphe Quetelet (KA-tle) (1796–
1874), a Belgian who showed that many social and biological measurements are distributed
normally. Quetelet, who knew about the “law of error” from his work as an astronomer,
presented tables showing the correspondence between measurements such as height and chest
size and the normal curve. His measure of starvation and obesity was weight divided by height.
This index was a precursor of today’s BMI (body mass index). During the 19th century, Quetelet
was widely influential (Porter, 1986). Florence Nightingale, his friend and a pioneer in using
statistical analyses to improve health care, said that Quetelet was “the founder of the most
important science in the world” (Cook, 1913, p. 238 as quoted in Maindonald & Richardson,
2004). Quetelet’s work also gave Francis Galton the idea that characteristics we label “genius”
could be measured, an idea that led to the concept of correlation.4
Although many measurements are distributed approximately normally, it is not the case
that data “should” be distributed normally. This unwarranted conclusion has been reached by
some scientists in the past.
Finally, the theoretical normal curve has an important place in statistical theory. This
importance is quite separate from the fact that empirical frequency distributions often correspond
closely to the normal curve.

Description of the Normal Distribution
Figure 7.4 is a normal distribution. It is a bell-shaped, symmetrical, theoretical distribution
based on a mathematical formula rather than on empirical observations. (Even so, if you peek
ahead to Figures 7.7, 7.8, and 7.9, you will see that empirical curves often look similar to this
theoretical distribution.) When the theoretical curve is drawn, the y-axis is sometimes omitted.
On the x-axis, z scores are used as the unit of measurement for the standardized normal curve.
z score

A raw score expressed in
standard deviation units.

where

𝑋 = a raw score
µ = the mean of the distribution
σ = the standard deviation of the distribution

Quetelet qualifies as a famous person: A statue was erected in his honor in Brussels, he was the first foreign member
of the American Statistical Association, and the Belgian government commemorated the centennial of his death with
a postage stamp (1974). For a short intellectual biography of Quetelet, see Faber (2005).
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F I G U R E 7 . 4 The normal distribution

There are several other things to note about the normal distribution. The mean, the median,
and the mode are the same score—the score on the x-axis where the curve peaks. If a line is
drawn from the peak to the mean score on the x-axis, the area under the curve to the left of the
line is half the total area—50%—leaving half the area to the right of the line.
Asymptotic
The tails of the curve are asymptotic to the x-axis; that is, they never actually
Line that continually approaches
cross the axis but continue in both directions indefinitely, with the distance
but never reaches a specified
between the curve and the x-axis becoming less and less. Although in theory,
limit.
the curve never ends, it is convenient to think of (and to draw) the curve as
Inflection point
extending from –3σ to +3σ. (The table for the normal curve in Appendix C,
Point on a curve that separates
a concave upward arc from a
however, covers the area from –4σ to +4σ.)
concave downward arc, or vice
Another point about the normal distribution is that the two inflection
versa.
points in the curve are at exactly –1σ and +1σ. The inflection points are
where the curve is the steepest—that is, where the curve changes from
bending upward to bending over. (See the points above –1σ and +1σ in Figure 7.4 and think of
walking up, over, and down a bell-shaped hill.)
To end this introductory section, here’s a caution about the word normal. The antonym
for normal is abnormal. Curves that are not normal distributions, however, are definitely
not abnormal. There is nothing uniquely desirable about the normal distribution. Many nonnormal distributions are also useful to statisticians. Figure 7.1 is an example. It isn’t a normal
distribution, but it can be very useful. Figure 7.5 shows what numbers were picked when an
instructor asked introductory psychology students to pick a number between 1 and 10. Figure
7.5 is a bimodal distribution with modes at 3 and 7. It isn’t a normal distribution, but it will
prove useful later in this book.

Theoretical Distributions Including Normal Distribution

F I G U R E 7 . 5 Frequency distribution of choices of numbers between 1 and 10

The Normal Distribution Table
The theoretical normal distribution is used to determine the probability of an event, just as
Figure 7.1 was. Figure 7.6 is a picture of the normal curve, showing the probabilities associated
with certain areas. The figure shows that the probability of an event with a z score between 0
and 1.00 is .3413. For events with z scores of 1.00 or larger, the probability is .1587. These
probability figures were obtained from Table C in Appendix C. Turn to Table C now (p. 386)
and insert a bookmark. Table C is arranged so that you can begin with a z score (column A) and
find the following:
1. The area between the mean and the z score (column B)
2. The area from the z score to infinity (∞) (column C)

F I G U R E 7 . 6 The normal distribution showing the probabilities of certain z
scores
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In Table C, Column A, find the z score of 1.00. The proportion of the curve between the
mean and z = 1.00 is .3413. The proportion beyond a z score of 1.00 is .1587. Because the
normal curve is symmetrical and the area under the entire curve is 1.00, the sum of .3413 and
.1587 will make sense to you. Also, because the curve is symmetrical, these same proportions
hold for areas of the curve separated by z = –1.00. Thus, all the proportions in Figure 7.6 were
derived by finding proportions associated with z = 1.00. Don’t just read this paragraph; do it.
Understanding the normal curve now will pay you dividends throughout the book.
Notice that the proportions in Table C are carried to four decimal places and that I used all
of them. This is customary practice in dealing with the normal curve because you often want
two decimal places when a proportion is converted to a percentage.

PROBLEMS

7.7. In Chapter 5, you read of a professor who gave As to students with z scores of +1.50 or
higher.
a. What proportion of a class would be expected to make As?
b. What assumption must you make to find the proportion in 7.7a?
7.8. What proportion of the normal distribution is found in the following areas?
a. Between the mean and z = 0.21
b. Beyond z = 0.55
c. Between the mean and z = –2.01
7.9. Is the distribution in Figure 7.5 theoretical or empirical?
As I’ve already mentioned, many empirical distributions are approximately normally
distributed. Figure 7.7 shows a set of 261 IQ scores, Figure 7.8 shows the diameter of 199
ponderosa pine trees, and Figure 7.9 shows the hourly wage rates of 185,822 union truck
drivers in the middle of the last century (1944). As you can see, these distributions from diverse
fields are similar to Figure 7.4, the theoretical normal distribution. Please note that all of
these empirical distributions are based on a “large” number of observations. More than 100
observations are usually required for the curve to fill out nicely.

F I G U R E 7 . 7 Frequency distribution of IQ scores of 261 fifth-grade students
(unpublished data from J. O. Johnston)
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F I G U R E 7 . 8 Frequency distribution of diameters of 100-year-old
ponderosa pine trees on 1 acre, N=199 (Forbes & Meyer, 1955)

F I G U R E 7 . 9 Frequency distribution of hourly rates of union truck drivers
on July 1, 1944, N = 185,822 (U.S. Bureau of Labor Statistics, December 1944)

In this section, I made two statistical points: first, that Table C can be used to determine
areas (proportions) of a normal distribution, and second, that many empirical distributions are
approximately normally distributed.

Converting Empirical Distributions to the Standard Normal Distribution
The point of this section is that any normally distributed empirical distribution can be made
to correspond to the theoretical distribution in Table C by using z scores. If the raw scores of
an empirical distribution are converted to z scores, the mean of the z scores will be 0 and the
standard deviation will be 1. Thus, the parameters of the theoretical normal distribution (which
is also called the standardized normal distribution) are: mean = 0, standard deviation = 1.
Using z scores calculated from the raw scores of an empirical distribution, you can
determine the probabilities of empirical events such as IQ scores, tree diameters, and hourly
wages. In fact, with z scores, you can find the probabilities of any empirical events that are
distributed normally.
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Human beings vary from one another in many ways, one of which is cognitive ability.
Carefully crafted tests such as Wechsler intelligence scales, the Stanford-Binet, and the
Wonderlic Personnel Test produce scores (commonly called IQ scores) that are reliable
measures of general cognitive ability. These tests have a mean of 100 and a standard deviation
of 15.5 The scores on IQ tests are normally distributed (Micceri, 1989).
Ryan (2008) provides some history and a summary of theories of intelligence, pointing
out that ancient Greeks and Chinese used measures of cognitive ability for important personnel
decisions. As you have already experienced, college admissions and other academic decisions
today are based on tests that measure cognitive ability.

PROBLEM

7.10. Calculate the z scores for IQ scores of
a. 55 b. 110 c. 103 d. 100

Proportion of a Population With Scores of a Particular Size or Greater
Suppose you are faced with finding out what proportion of the population has an IQ of 120 or
higher. Begin by sketching a normal curve (either in the margin or on separate paper). Note on
the baseline the positions of IQs of 100 and 120. What is your eyeball estimate of the proportion
with IQs of 120 or higher?
Look at Figure 7.10. It is a more formal version of your sketch, giving additional IQ scores
on the X axis. The proportion of the population with IQs of 120 or higher is shaded. The z score
that corresponds with an IQ of 120 is

F I G U R E 7 . 1 0 Theoretical distribution of IQ scores
Older versions of Stanford Binet tests had a standard deviation of 16. Also, as first noted by Flynn (1987), the actual
population mean IQ in many countries is well above 100.

5
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Table C shows that the proportion beyond z = 1.33 is .0918. Thus, you expect a proportion
of .0918, or 9.18%, of the population to have an IQ of 120 or higher. Because the size of an
area under the curve is also a probability statement about the events in that area, there are 9.18
chances in 100 that any randomly selected person will have an IQ of 120 or above. Figure 7.11
shows the proportions just determined.

F I G U R E 7 . 1 1 Proportion of the population with an IQ of 120 or higher

Table C gives the proportions of the normal curve for positive z scores only. However,
because the distribution is symmetrical, knowing that .0918 of the population has an IQ of 120
or higher tells you that .0918 has an IQ of 80 or lower. An IQ of 80 has a z score of –1.33.

Questions of “How Many?”
You can answer questions of “How many?” as well as questions of proportions using the normal
distribution. Suppose 500 first-graders are entering school. How many would be expected to
have IQs of 120 or higher? You just found that 9.18% of the population would have IQs of 120
or higher. If the population is 500, calculating 9.18% of 500 gives you the number of children.
Thus, (.0918)(500) = 45.9. So 46 of the 500 first-graders would be expected to have an IQ of
120 or higher.
There are 19 more normal curve problems for you to do in the rest of this chapter. Do
you want to maximize your chances of working every one of them correctly the first time?
Here’s how. For each problem, start by sketching a normal curve. Read the problem and write
the givens and the unknowns on your curve. Estimate the answer. Apply the z-score formula.
Compare your answer with your estimate; if they don’t agree, decide which is in error and make
any changes that are appropriate. Confirm your answer by checking the answer in the back of
the book. (I hope you decide to go for 19 out of 19!)

error detection
Sketching a normal curve is the best way to understand a problem and avoid errors. Draw
vertical lines above the scores you are interested in. Write in proportions.
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PROBLEMS

7.11. For many school systems, an IQ of 70 indicates that the child may be eligible for special
education. What proportion of the general population has an IQ of 70 or less?
7.12. In a school district of 4,000 students, how many would be expected to have IQs of 70 or
less?
7.13. What proportion of the population would be expected to have IQs of 110 or higher?
7.14. Answer the following questions for 250 first-grade students.
a. How many would you expect to have IQs of 110 or higher?
b. How many would you expect to have IQs lower than 110?
c. How many would you expect to have IQs lower than 100?

Separating a Population Into Two Proportions
Instead of starting with an IQ score and calculating proportions, you could start with a
proportion and find an IQ score. For example, what IQ score is required to be in the top 10%
of the population?
My picture of this problem is shown as Figure 7.12. I began by sketching a more or less
bell-shaped curve and writing in the mean (100). Next, I separated the “top 10%” portion with
a vertical line. Because I need to find a score, I put a question mark on the score axis.
With a picture in place, you can finish the problem. The next step is to look in Table C
under the column “area beyond z” for .1000. It is not there. You have a choice between .0985
and .1003. Because .1003 is closer to the desired .1000, use it.6 The z score that corresponds to
a proportion of .1003 is 1.28. Now you have all the information you need to solve for X.

F I G U R E 7 . 1 2 Sketch of a theoretical distribution of IQ scores divided into
an upper 10% and a lower 90%

6
You might use interpolation (a method to determine an intermediate score) to find a more accurate z score for a
proportion of .1000. This extra precision (and labor) is unnecessary because the final result is rounded to the nearest
whole number. For IQ scores, the extra precision does not make any difference in the final answer.
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To begin, solve the basic z-score formula for X:
z=

X–µ
σ

Multiplying both sides by σ produces
(z)(σ) = 𝑋 – µ

Adding µ to both sides isolates X. Thus, when you need to find a score (X) associated with
a particular proportion of the normal curve, the formula is
𝑋 = µ + (z)(σ)

Returning to the 10% problem and substituting numbers for the mean, the z score, and the
standard deviation, you get
X = 100 + (1.28)(15)
= 100 + 19.20
= 119.2
= 119 (IQs are usually expressed as whole numbers.)
Therefore, the minimum IQ score required to be in the top 10 % of the population is 119.
Here is a similar problem. Suppose a mathematics department wants to restrict the remedial
math course to those who really need it. The department has the scores on the math achievement
exam taken by entering freshmen for the past 10 years. The scores on this exam are distributed
in an approximately normal fashion, with µ = 58 and σ = 12. The department wants to make the
remedial course available to those students whose mathematical achievement places them in
the bottom third of the freshman class. The question is, What score will divide the lower third
from the upper two thirds? Sketch your picture of the problem and check it against Figure 7.13.

F I G U R E 7 . 1 3 Distribution of scores on a math achievement exam
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With a picture in place, the next step is to look in column C of Table C to find .3333. Again,
such a proportion is not listed. The nearest proportion is .3336, which has a z value of –0.43.
(This time you are dealing with a z score below the mean, where all z scores are negative.)
Applying z = –0.43, you get
𝑋 = µ + (z)(σ) = 58 + (–0.43)(12) = 52.84 = 53 points

Using the theoretical normal curve to establish a cutoff score is efficient. All you need
are the mean, the standard deviation, and confidence in your assumption that the scores are
distributed normally. The empirical alternative for the mathematics department is to sort
physically through all scores for the past 10 years, arrange them in a frequency distribution, and
identify the score that separates the bottom one third.

PROBLEMS

7.15. Mensa is an organization of people who have high IQs. To be eligible for membership,
a person must have an IQ “higher than 98% of the population.” What IQ is required to
qualify?
7.16. The mean height of American women aged 20–29 is 65.1 inches, with a standard deviation
of 2.8 inches (Statistical Abstract of the United States: 2012, 2013).
a. What height divides the tallest 5% of the population from the rest?
b. The minimum height required for women to join the U.S. Armed Forces is 58
inches. What proportion of the population is excluded?
*7.17. The mean height of American men aged 20–29 is 70.0 inches, with a standard deviation
of 3.1 inches (Statistical Abstract of the United States: 2012, 2013).
a. The minimum height required for men to join the U.S. Armed Forces is 60 inches.
What proportion of the population is excluded?
b. What proportion of the population is taller than Napoleon Bonaparte, who was
5’2”?
7.18. The weight of many manufactured items is approximately normally distributed. For new
U.S. pennies, the mean is 2.50 grams and the standard deviation is 0.05 grams.
a. What proportion of all new pennies would you expect to weigh more than 2.59
grams?
b. What weights separate the middle 80% of the pennies from the lightest 10% and
the heaviest 10%?
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Proportion of a Population Between Two Scores
Table C in Appendix C can also be used to determine the proportion of the population between
two scores. For example, IQ scores in the range 90 to 110 are often labeled average. Is average
an appropriate adjective for this proportion? Well, what proportion of the population is between
90 and 110? Figure 7.14 is a picture of the problem.

F I G U R E 7 . 1 4 The normal distribution showing the IQ scores that define
the “average” range

In this problem, you must add an area on the left of the mean to an area on the right of the
mean. First, you need z scores that correspond to the IQ scores of 90 and 110:
z=
z=

90-100
15

=

110-100
=
15

-10
= -0.67
15
10
= 0.67
15

The proportion of the distribution between the mean and z = 0.67 is .2486, and, of course,
the same proportion is between the mean and z = –0.67. Therefore, (2)(.2486) = .4972 or
49.72%. So approximately 50% of the population is classified as “average,” using the “IQ = 90
to 110” definition. “Average” seems appropriate.
What proportion of the population would be expected to have IQs between 70 and 90?
Figure 7.15 illustrates this question. There are two approaches to this problem. One is to find
the area from 100 to 70 and then subtract the area from 90 to 100. The other way is to find the
area beyond 90 and subtract from it the area beyond 70. I’ll illustrate with the second approach.
The corresponding z scores are

and

z=

90-100
15

=

-10
= -0.67
15

z=

70-100
15

=

-30
= -2.00
15
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The area beyond z = –0.67 is .2514 and the area beyond z = –2.00 is .0228. Subtracting the
second proportion from the first, you find that .2286 of the population has an IQ in the range
of 70 to 90.

F I G U R E 7 . 1 5 The normal distribution illustrating the area bounded by IQ
scores of 90 and 70

PROBLEMS

*7.19. The distribution of 800 test scores in an introduction to psychology course was
approximately normal, with 𝜇 = 35 and 𝜎 = 6.
a. What proportion of the students had scores between 30 and 40?
b. What is the probability that a randomly selected student would score between 30
and 40?
7.20. Now that you know the proportion of students with scores between 30 and 40, would you
expect to find the same proportion between scores of 20 and 30? If so, why? If not, why
not?
7.21. Calculate the proportion of scores between 20 and 30. Be careful with this one; drawing
a picture is especially advised.
7.22. How many of the 800 students would be expected to have scores between 20 and 30?

Extreme Scores in a Population
The extreme scores in a distribution are important in many statistical applications. Most often,
extreme scores in either direction are of interest. For example, many applications focus on the
extreme 5% of the distribution. Thus, the upper 2½% and the lower 2½% receive attention.
Turn to Table C and find the z score that separates the extreme 2½% of the curve from the rest.
(Of course, the z score associated with the lowest 2½% of the curve will have a negative value.)
Please memorize the z score you just looked up. This number will turn up many times in future
chapters.
Here is an illustration. What two heart rates (beats per minute) separate the middle 95% of
the population from the extreme 5%? Figure 7.16 is my sketch of the problem. According to
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studies summarized by Milnor (1990), the mean heart rate for humans is 71 beats per minute
(bpm) and the standard deviation is 9 bpm. To find the two scores, use the formula
𝑋 = µ + (z)(σ). Using the values given, plus the z score you memorized, you get the following:
Upper Score
𝑋 = µ + (z)(σ)
= 71 + (1.96)(9)
= 71 + 17.6
= 88.6 or 89 bpm

Lower Score
𝑋 = µ – (z)(σ)
= 71 – (1.96)(9)
= 71 – 17.6
= 53.4 or 53 bpm

What do you make of these statistics? (Look and respond; my informal response follows.)
“Wow, look at how variable normal heart rates are! They range from 53 to 89 beats per
minute for 95% of us. Only 5% of us are outside this range. I’m surprised.”

F I G U R E 7 . 1 6 Sketch showing the separation of the extreme 5% of the
population from the rest

clue to the future
The idea of finding scores and proportions that are extreme in either direction will come up
again in later chapters. In particular, the extreme 5% and the extreme 1% are important.

PROBLEMS

7.23. What two IQ scores separate the extreme 1% of the population from the middle 99%? Set
this problem up using the “extreme 5%” example as a model.
7.24. What is the probability that a randomly selected person has an IQ higher than 139 or lower
than 61?
7.25. Look at Figure 7.9 (p. 137) and suppose that the union leadership decided to ask for $0.85
per hour as a minimum wage. For those 185,822 workers, the mean was $0.99 with a
standard deviation of $0.17. If $0.85 per hour was established as a minimum, how many
workers would get raises?
7.26. Look at Figure 7.8 (p. 137) and suppose that a timber company decided to harvest all trees
8 inches DBH (diameter breast height) or larger from a 100-acre tract. On a 1-acre tract,
there were 199 trees with 𝜇 = 13.68 inches and 𝜎 = 4.83 inches. How many harvestable
trees would be expected from 100 acres?
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Comparison of Theoretical and Empirical Answers
You have been using the theoretical normal distribution to find probabilities and to calculate
scores and proportions of IQs, wages, heart rates, and other measures. Earlier in this chapter, I
claimed that if the empirical observations are distributed as a normal curve, accurate predictions
can be made. A reasonable question is, How accurate are all these predictions I’ve just made?
A reasonable answer can be fashioned from a comparison of the predicted proportions (from
the theoretical curve) and the actual proportions (computed from empirical data). Figure 7.7 is
based on 261 IQ scores of fifth-grade public school students. You worked through examples
that produced proportions of people with IQs higher than 120, lower than 90, and between
90 and 110. These actual proportions can be compared with those predicted from the normal
distribution. Table 7.2 shows these comparisons.

TABLE 7.2 Comparison of predicted and actual proportions
IQs
Higher than 120
Lower than 90
Between 90 and 100

Predicted from
normal curve

Calculated from
actual data

Difference

.0918
.2514
.4972

.0920
.2069
.5249

.0002
.0445
.0277

As you can see by examining the Difference column of Table 7.2, the accuracy of the
predictions ranges from excellent to not so good. Some of this variation can be explained by
the fact that the mean IQ of the fifth-grade students was 101 and the standard deviation 13.4.
Both the higher mean (101, compared with 100 for the normal curve) and the lower standard
deviation (13.4, compared with 15) are due to the systematic exclusion of children with very
low IQ scores from regular public schools. Thus, the actual proportion of students with IQs
lower than 90 is less than predicted, which is because our school sample is not representative
of all 10- to 11- year-old children.
Although IQ scores are distributed approximately normally, many other scores are not.
Karl Pearson recognized this, as have others. Theodore Micceri (1989) made this point again in
an article titled, “The Unicorn, the Normal Curve, and Other Improbable Creatures.” Caution is
always in order when you are using theoretical distributions to make predictions about empirical
events. However, don’t let undue caution prevent you from getting the additional understanding
that statistics offers.

Other Theoretical Distributions
In this chapter, you learned a little about rectangular distributions and binomial distributions and
quite a bit about normal distributions. Later in this book, you will encounter other distributions
such as the t distribution, the F distribution, and the chi square distribution. (After all, the subtitle
of this book is Tales of Distributions.) In addition to the distributions in this book, mathematical
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statisticians have identified others, all of which are useful in particular circumstances. Some
have interesting names such as the Poisson distribution; others have complicated names such
as the hypergeometric distribution. In every case, however, a distribution is used because it
provides reasonably accurate probabilities about particular events.

PROBLEMS
7.27. For human infants born weighing 5.5 pounds or more, the mean gestation period is 268
days, which is just less than 9 months. The standard deviation is 14 days (McKeown &
Gibson, 1951). For gestation periods, what proportion is expected to last 10 months or
longer (300 days)?
7.28. The height of residential door openings in the United States is 6’8”. Use the information
in Problem 7.17 to determine the number of men among 10,000 who have to duck to enter
a room.
7.29. An imaginative anthropologist measured the stature of 100 hobbits (using the proper
English measure of inches) and found these values:
∑X = 3600
∑X 2 = 130,000
Assume that the heights of hobbits are normally distributed. Find µ and σ and answer the
following questions.
a. The Bilbo Baggins Award for Adventure is 32 inches tall. What proportion of the
hobbit population is taller than the award?
b. Three hundred hobbits entered a cave that had an entrance 39 inches high. The
orcs chased them out. How many hobbits could exit without ducking?
c. Gandalf is 46 inches tall. What is the probability that he is a hobbit?
7.30. Please review the objectives at the beginning of the chapter. Can you do what is asked?

KEY TERMS
Asymptotic (p. 134)
Binomial distribution (p. 130)
Empirical distribution (p. 127)
Extreme scores (p. 144)
Inflection point (p. 134)
Normal distribution (p. 132)

Other theoretical distributions (p. 146)
Probability (p. 129)
Rectangular distribution (p. 129)
Theoretical distribution (p. 127)
z score (p. 133)
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Transition Passage
To the Analysis of Data From Experiments
With your knowledge of descriptive statistics, the normal curve, and probability, you are
prepared to learn statistical techniques researchers use to analyze experiments. Experiments
compare treatments and are a hallmark of modern science.
Chapter 8 is about samples and sampling distributions. Sampling distributions provide
probabilities that are the foundation of all inferential statistics. The confidence interval, an
increasingly important inferential statistics technique, is described in Chapter 8.
Chapter 9 returns to the effect size index, d. Chapter 9 also covers the basics of null
hypothesis significance testing (NHST), the dominant statistical technique of the 20th and early
21st century. An NHST analysis results in a yes/no decision about a population parameter. In
Chapter 9, the parameters are population means and population correlation coefficients.
Chapter 10 describes simple experiments in which two treatments are administered.
The difference between the two population means is assessed. The size of the difference (d)
and a confidence interval about the amount of difference are calculated. The difference is also
subjected to an NHST analysis.

